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Divide and Conquer

Quartets Algorithm

Sagi Snir and Satish Rao

Abstract—Accurate phylogenetic reconstruction methods are currently limited to a maximum of few dozens of taxa. Supertree
methods construct a large tree over a large set of taxa, from a set of small trees over overlapping subsets of the complete taxa set.
Hence, in order to construct the tree of life over a million and a half different species, the use of a supertree method over the product of
accurate methods, is inevitable. Perhaps the simplest version of this task that is still widely applicable, yet quite challenging, is quartet-
based reconstruction. This problem lies at the root of many tree reconstruction methods and theoretical as well as experimental results
have been reported. Nevertheless, dealing with false, conflicting quartet trees remains problematic. In this paper, we describe an
algorithm for constructing a tree from a set of input quartet trees even with a significant fraction of errors. We show empirically that
conflicts in the inputs are handled satisfactorily and that it significantly outperforms and outraces the Matrix Representation with
Parsimony (MRP) methods that have previously been most successful in dealing with supertrees. Our algorithm is based on a divide
and conquer algorithm where our divide step uses a semidefinite programming (SDP) formulation of MaxCut. We remark that this
builds on previous work of ours [29] for piecing together trees from rooted triplet trees. The recursion for unrooted quartets, however, is
more complicated in that even with completely consistent set of quartet trees the problem is NP-hard, as opposed to the problem for
triples where there is a linear time algorithm. This complexity leads to several issues and some solutions of possible independent

interest.

Index Terms—Phylogenetic reconstruction, quartets, MaxCut, supertree.

1 INTRODUCTION

THE study of evolution and the construction of phyloge-
netic (evolutionary) trees (or phylogenies) are classical
subjects in biology. DNA sequences from a variety of
organisms are rapidly accumulating, providing large
amounts of data to a number of sequence-based approaches
for phylogenetic trees reconstruction. The goal behind the
“tree of life” project is to accurately construct the tree
representing the evolutionary history of over a million and a
half different species. This task cannot be achieved by
today’s substitution-based phylogenetic reconstruction
methods. Therefore, the need to design methods capable to
amalgamate data taken from different sources is emerging.

Phylogenetic reconstruction methods are broadly di-
vided into two high-level types of reconstruction methods:
Sequence based and topology based. In sequence based, the
input is a set of homologous sequences from different
species. The method builds a phylogeny that tries to
represent the evolutionary history of these sequences.
However, in many cases such a set of homologues for the
set of species under study does not exist. Moreover, as the
accuracy of the obtained phylogeny decreases with increas-
ing size (number of species and distance between species)
[14], [21], [13], an alternative is to build small trees with
very accurate sequence-based methods (e.g., Maximum
Likelihood) and later amalgamate these into a big complete
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tree that represents each of the input small trees. This is the
task of a topology-based reconstruction algorithm.

We distinguish between rooted and unrooted phylogenetic
trees. In unrooted trees, the decision problem of whether
there exists a tree that satisfies (or consistent with) all
the input subtrees was shown to be NP-hard by Steel [31]
(see Section 2.1 for an exact definition). However, in the
same paper, it is shown that if the trees are rooted then this
problem is solvable in polynomial time by a simple divide
and conquer algorithm of Aho et al. [1]. This makes the
rooted settings computationally attractive. However, a
rooted setting is problematic due to the fact that the
knowledge of the root is sometimes absent and an incorrect
root estimation can lead to an erroneous tree. For that
reason, despite its computational drawback, people resort
to an unrooted setting. A quartet tree is the smallest
informative unrooted tree (see Fig. 1). This, along with the
fact that small trees are easier to infer than larger ones,
make quartets-based methods attractive for large-scale
phylogenetic reconstruction [5], [33], [32], [26], [34], [4],
[14], [15]. In [14], it is shown that using only number of sites
logarithmic in the number of taxa, all quartet trees in a set
called the short quartets are inferred correctly with high
probability. They subsequently combine their set of quartet
trees to a complete tree using some inference rules. The
work in [13] enhances this algorithm by introducing a
confidence check to each quartet examined. A quartet is
considered as correct only if it has sufficient confidence. The
algorithm grows subtrees of increasing radii around every
taxon and joins two subtrees when they share internal
edges. The algorithm returns a forest where each edge in
the forest is of high confidence. This algorithm alleviates the
necessity in [14] of bounding the edge length as it defines a
local check for each quartet separately.
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Fig. 1. A quartet tree is the smallest informative unrooted tree. The
quartet tree ((1,2), (3,4)).

Most quartet-based methods (e.g., [32], [26], [34]) first
infer quartet trees from the aligned sequences normally by
the maximum likelihood criterion and then use a combi-
natorial algorithm to solve the maximum quartet consis-
tency problem, i.e., construct a tree satisfying the greatest
number of these quartet trees (see exact definition in the
Definitions part).

While the first task was heavily studied, including recent
analytic algebraic solutions [9], [11], [10], [8], [7], the
problem of devising good and fast heuristics for the second
task has not been extensively pursued. Current methods
(see, e.g., [28], [13], [32], [26]) handle conflicting inputs by
ignoring the information causing these conflicts even when
the degree of conflict is considerably low.

In this paper, we devise a new heuristic method for the
second part of this task: The amalgamation of the quartet
trees into a complete tree. Our method handles conflicting
quartet trees naturally by recursively seeking a split that
will violate only a small fraction of the quartets. We extend
the divide and conquer recursive algorithm of Aho et al. [1]
to the unrooted setting by splitting the set of taxa
recursively. This is done by attempting to solve a MaxCut
problem in a graph representing the quartets’ relationships,
using an extremely fast semidefinite programming (SDP)-
like heuristic algorithm. Therefore, our method is based on
a two-level heuristic approach: In the higher level, the
quartet consistency problem is solved by the recursive,
divide, and conquer high-level algorithm (described in
Section 2.5), and in the lower level a heuristic SDP-like
engine is employed for solving a MaxCut instance at every
recursive stage of the algorithm (described in Section 2.5).
Upon returning from the recursion, the two subsolutions
need to be merged into a full tree over the whole taxa set
while satisfying the greatest number of quartets. This raises
a technical challenge that we solve.

A cardinal requirement from quartet-based methods is the
ability to consider the confidence of each quartet [26]. Our
algorithm enables this requirement very naturally by the
weight of the edges in the graph corresponding to the quartet.

SDP in the use of phylogenetic reconstruction was
employed previously by Ben-Dor et al. [4] for the same
task as addressed here. They formulated the whole quartet
problem as a SDP problem, solved it by some available SDP
solver yielding an embedding in a space, computed the
induced metric over the points and used a distance-based
reconstruction method to build the tree. However, as their
high-level algorithm used an exact, computationally in-
tensive SDP algorithm, they were able to construct trees
over n = 15 taxa at most. In contrast, our approach is based
on the following ideas:

1. Instead of embedding the taxa into n-dimensional
space we use a very efficient algorithm to embed the
points in a three-dimensional sphere.

2. We compute a cut based on this embedding and
solve the problem recursively on each subproblem
(in comparison to the “cherry picking” type of [4]).

3. While [4] uses a constant ratio to penalize “bad
pairing” with respect to “good pairing,” we employ
a binary parametric search in order to find the ratio
that maximizes the value of the cut. The parameter
may vary as does the embedding while our recur-
sion proceeds.

Using the ideas above, and a new high-level algorithm
that enables a recursive procedure while keeping track of
the branching process of the subproblems generated, we
were able to increase the size of problems handled (taxa and
number of quartets) by a factor of hundreds over existing
methods. For example, for a set of 100,000 quartets taken
from a model tree over 10,000 taxa with 90 percent of the
quartets correct, our algorithm reconstructed a tree satisfy-
ing 89 percent of the quartets in 90 minutes (see details in
Section 3). We remark here that as this new method is based
on two heuristic solutions that are interwoven into one
another, it provides no guarantee, neither on its perfor-
mance nor on its running time.

Additionally, our findings show that taking quartets
spanning smaller portions (subtrees) of the target tree into
the input set yields trees with higher similarity to the model
tree over taking the quartets uniformly. This finding has
also some support in our result on real data.

A quartet algorithm can serve also for supertree
reconstruction. In this setting, the input is a set of small
subtrees over an overlapping large set of taxa. The goal is to
find a tree over the complete set of taxa such that some
objective function is maximized. The adaptation of a quartet
method to a supertree method requires some consideration
such as split overrepresentation, locality of “good” cuts and
alike. Addressing all these, we compared our technique
with the popular well-regarded supertree method Matrix
Representation with Parsimony (MRP) on five real data sets
of input subtrees. In general, our method exhibits advan-
tage over MRP in the Maximum Agreement Subtree
(MAST) criterion but not in the Robinson-Foulds (RF). On
input trees taken from the RBCL gene in which the diameter
(WRT evolutionary distance) is relatively small, our method
strictly outperforms MRP in both criteria.

2 MEeTHODS

In this section, we describe our algorithm, quartet MaxCut,
QMC. Before we present the algorithm, we give an intuition
to our approach of how to satisfy the maximum number of
quartets. Next, we detail on the parametric search we
employ in order to find the parameter maximizing the ratio
between satisfied to violated quartets. Eventually, we
present the complete algorithm. We remark that we cannot
guarantee running time of the algorithm or the fraction of
satisfied quartets since its core is the heuristic MaxCut which
we have no bounds on its performance or time complexity.

2.1 Preliminaries

2.1.1 Graphs and Cuts

A graph G is defined as a pair (V, E), where V is a set of
nodes, and E is a set of edges between the nodes E =
{(u,v)|u,v € V}. A weighted graph is a triple G = (V, E, w)
where w is a function that assigns weights to every edge in
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Fig. 2. (a) A phylogenetic tree over five taxa. (b) Two trees over four taxa
induced by the tree on the left.

the graph. A tree is a connected graph with no cycles. A node
in a tree is called a leaf if it is connected to a single other node
only. Otherwise, it is internal. A cut C = (S, S) in a graph is a
partition over thenodes V (i.e., SUS = Vand SN S = ). An
edge (u,v) is in the cutif u € S A v € S. We denote this set of
edges by E¢. The weight of a cut C, w(C) is the sum of
weights of the edges in C': ), w(e). A maximum cut
C" = (9™, 8™)is a cut with maximum weight in G. The task
of finding C™ is called the MaxCut problem.

2.1.2 Phylogenetic Trees
For a tree T = (V, E), we denote by £(T) the set of leaves of
T. A phylogenetic tree T" over a set of taxa A is a tree for
which there is a bijection between X and £(T'). The removal
of an edge e in a tree splits the tree into two subtrees, and
therefore induces a split among the leaves of the tree. We
identify an edge e by the split (U, X\ U) it generates and
denote it by ey (when U is arbitrarily one of the parts). Let 7'
be a tree and A C £(T) a subset of the leaves of T. We denote
by T'| ,, the tree induced by A where all internal vertices with
degree two contracted. For two trees 7" and 7", we say that T'
satisfies T', and T’ is satisfied by T, if £L(T") C L(T) and
T g =T'". Otherwise, 1" is violated by T. For a set of trees
T ={T1,..., T} with possibly overlapping leaves, we say
that 7 is consistent if there exists a tree T over the set of
leaves J; £(T;) that satisfies every tree T; € T (see Fig. 2).
Otherwise, T is inconsistent. When 7T is inconsistent, it is
desirable to find a tree T* over | J; £(7;) that minimizes some
objective function. 7" is denoted a supertree and the problem
of finding 7™ is the supertree problem.

A quartet tree (or just a quartet for short), is a tree over
four leaves {a,b,c,d}. We write a quartet over {a,b,c,d} as

AN

@

(@)

((a,b), (c,d)) if there exists an edge ey such that a,b € U and
¢,d ¢ U. When the input 7 to the supertree problem is a set
of quartets (henceforth denoted Q), this special case is
denoted the maximum quartet consistency problem.

2.2 The MaxCut Intuition

A divide and conquer algorithm operates on the set of taxa
X by first partitioning the set into a partition P of two or
more parts. Then, it solves recursively the subproblems
induced by each part, and merges the subsolutions obtained
into a complete solution. In our case, the partition P is
always of two parts denoted P = (X', X").

Let Q be a set of quartets. A quartet ¢ = ((a,b), (¢,d)) € Q
is said to be unaffected by a partition P, if all {a, b, ¢, d} are in
one part of P. Otherwise, that is, not all {a, b, ¢, d} are in one
part of P, it is affected by P. For an affected g = ((a, b), (c,d))
we say that ¢ is safisfied by P if exactly a and b are in X" and is
violated by P if exactly a and care in X” or exactly a and d are in
X'. Otherwise, wehave |{a, b, c,d} N X’| = 3and we say that g
is deferred. At every step in the recursion, some quartets are
satisfied, some are violated and some continue to the next
steps in the recursion (i.e., either deferred or unaffected). A
plausible strategy is to maximize the ratio between satisfied
and violated quartets at every step.

Given the set of quartets Q over the taxa set X', we build the
following weighted (multi) graph G = G(Q) = (V, E) with
V = X and E as follows: For every ¢ = ((a,b), (¢c,d)) € Q we
add the edges {(a, ¢), (a,d), (b, ¢), (b,d), (a,b), (c,d)} to E. We
distinguish between the edges and denote the edges
{(aa 0)7 ((J,, d)a (b7 C)a (ba d)} as gOOd Edges and {(aa b)a (Cv d)} as
bad edges (see Fig. 3). Observe that between twonodes in G(Q)
there can be good and bad edges simultaneously, originated
from different quartets. For example, in Fig. 4 there are one
good edge and one bad edge between nodes 1 and 3
originated from quartets ((1,2),(3,4)) and ((1,3),(4,5)),
respectively. We denote by £, and E, the set of good and
bad edges, respectively, and observe that E'\ E, = E,

We note that a cut in G corresponds to a partition over
the set of taxa. Given a cut C = (S,5) in the graph
corresponding to a partition 7, we notice:

Observation 1. For an affected quartet q € Q

1. g contributes four good edges to the cut if q is satisfied.

2. q contributes two good edges and one bad edge to the
cut if q is deferred.

3. g contributes two good edges and two bad edges to the
cut if q is violated.

Fig. 4 shows graphically the effect of a cutin a graph on the
two quartets generating that graph. The above observation

(b)

Fig. 3. For a quartet tree ((a,b), (¢,d)) we draw (a) the four good edges (solid blue) {(a, ¢), (a, d), (b, ¢), (b, d)} and (b) the two bad edges (dashed red)

{(a,0),(c,d)}.
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(a)

(b)

Fig. 4. (a) The graph induced by the quartets ((1,2),(3,4)) and ((1,3), (4,5)) from Fig. 2. (b) A cut separating {1,2,5} from {3,4}, therefore, satisfies
quartet ((1,2),(3,4)) but violates ((1,3), (4,5)), and hence contains six good and two bad edges.

links between the number of quartets satisfied/violated/
deferred and the number of good/bad edges in the cut.

2.3 The Heuristic SDP-Like MaxCut

In this section, we detail on our heuristic for finding a good
cut in the graph representing the set of input quartet trees.
The final stage of this heuristic entails solving a MaxCut
problem. For this restricted task, we used the SDP-like
MaxCut heuristic (the lower level heuristic) we devised in
[29] for a related but rather different problem of rooted
trees consistency.

Our algorithm is based on maximizing the ratio between
satisfied and violated quartets. By the discussion in the
previous section, one approach can aim at finding a cut
which maximizes the ratio between good and bad edges, at
every instance of the recursive algorithm. A weaker variant
aims at finding a cut C' maximizing the function

E 60,@ — |« § oce |, (1)
e is a good edge e is a bad edge

where a > 0 is a weight ratio parameter between the good
edges to bad edges in C and

L
6CA6 = { 07

Solving (1) is equivalent to finding a maximum cut
(solving MaxCut) in a graph in which good edges have
unitary weight and bad edges, weight —a. Unfortunately, in

ifeeC,
otherwise.

(@)

general, finding such a cut is NP-complete [17] as well as the
original problem (satisfying maximum quartets). Several
SDP-based approximation algorithms, however, have been
suggested for related problems [18], [2]. These algorithms
give a guarantee on the deviation of their solution from the
optimal solution and work in polynomial time. The
principle is to embed the vertices on the unit n-dimensional
sphere (recall, n = #taxa) so as to maximize the function:

>

good edges e=(i,7)

di, 5 | = |« d(i, g) |, (2
bad edges e=(i,5)

where d(i, j) is the euclidean distance between points i and
Jj. Once the embedding is obtained, a hyperplane through
the origin is selected randomly with the intuition that points
embedded far apart from each other are likely to be in
different sides of the hyperplane versus close by points. For
example, Fig. 5b corresponds to a possible embedding of
the graph in Fig. 5a. We see that points connected with good
edges are located far apart on the sphere versus points
connected by bad edges.

While the embedding stage can be handled by an
accurate, computationally intensive SDP algorithm that
guarantees the required separation for expected approx-
imation ratio [18], [2], in [29], in the context of optimizing
rooted trees consistency, we found that a random embed-
ding of the points on a three-dimensional sphere (versus
n-dimensional) and subsequently moving the points locally
in order to optimize (2) suffices: it is extremely fast and

(b)

Fig. 5. (a) The graph corresponds to the set of quartets ((1,2),(3,4)) and ((1,3), (4,5)) (see Fig. 4). (b) The embedding is a possible embedding
according to (2). Note that points 1 and 2 are positioned nearby as well as points 4 and 5 as they are separated by bad edges only. As can be seen,
the hyperplane separates {1,2,3} from {4,5} which is indeed a split in the tree induced by these two quartet trees (see Fig. 2).
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produces results accurate enough for our needs. This
heuristic SDP-like engine is the explanation for the very
small running times of our algorithms. The Heuristic
MaxCut algorithm appears in Appendix A, and fuller
details of it appear in [29].

2.4 Dynamic Ratio Parameter

In [29], we used a constant weight ratio parameter « in (2)
(specifically « =3). While for the application of [29]
(amalgamating rooted triplets) this constant ratio sufficed,
in the current setting, however, working with a constant «
did not yield good enough results. Moreover, for some
combinations of input quartets and «, there is no cut with
positive weight and the empty cut Cy= (V,0) is the
maximum cut (we illustrate this by an example in the
following). Returning an empty cut from the MaxCut
procedure is prohibitive in that type of a divide and
conquer algorithm, as in order for the algorithm to proceed,
a nonempty cut must be generated at every step.

In this paper, we employed the technique of parametric
search for finding the optimal weight ratio parameter a. We
now elaborate on this technique.

Definition 1. For a cut C' = (S, S), let the edge ratio of C, p(C),
be the ratio between the number of good and bad edges in C.

We denote by C* = (S*, 5*) the cut maximizing p and let
p* = p(C*) be the optimal edge ratio in G. Recall that we are
interested in finding p* at every recursion step. Note that C*
(and hence also p*) is a combinatorial property of
G independent of any edge weight function w (in contrast
to the maximum cut C” = (8™, S™) that is dependent on a
particular w). However, as our MaxCut algorithm finds a
maximum cut in a graph, we will show that selecting the
weight ratio parameter o more wisely, can lead to a bigger
ratio p.

We illustrate the influence of o on p* by an example:
Consider a graph with one cut ¢’ with 200 good edges and
10 bad ones, and another cut C” with 30 good edges and a
single bad edge. Clearly C” is better with p(C") =
30 > p(C") = 20. Now, for a = 10, we have by (1) w(C") =
200 — o - 10 = 100 versus w(C”) =30 —«-1=20. In con-
trast, for a = 100, we have w(C") = —800 versus w(C") =
—70 and both are inferior to w(Cy) = 0. The optimal « is
30 — ¢ for some small ¢ for which w(C") is bigger than both
w(C") and w(Cy) = 0.

The example above shows that in order to find p*, the
optimal « should be sought. The following observation
shows how «a should be set such that a nonempty cut is
returned (i.e., Cj is not the maximum cut):

Observation 2. Let o > 0 be the weight ratio parameter and
assume there is a cut C" with p(C") > «. Then, the maximum
cut (in the weighted graph G) C™ satisfies w(C™) > w(Cy).

Proof. Obviously, the empty cut C) satisfies w(Cj) = 0.
However, for C, by (1) we have

w(C') = |E,U Es| — alEy N Ec|
(by the definition of p)
— (p(C") - a)|Fy " Eo|
(by the assumption)
> 0.

Therefore, we obtain:

w(C™) > w(C") > 0 =w(Cy).

Similarly, we observe

Observation 3. For a cut C'=(5,5) with p(C') < «,
w(C") < w(Cy).

Corollary 1. C* (the cut maximizing p) is the maximum cut
obtained by the maximum « s.t. o < p*.

Proof. By Observation 2, we obtain that w(C*) > w(Cy) =0
and since p(C*) > p(C") for every cut C'# C*, by
Observation 3 we obtain w(C") < w(Cy). O

Our Parametric MaxCut algorithm searches for the
cut C*. By Corollary 1, in order to find C* we need to find
the biggest « s.t. a nonempty cut is returned. In order to
bound the search space we need to find upper and lower
bounds for p* (and by Observations 3 and 2, also for «). The
following observations establish these bounds. We first
define two special cuts in a graph.

Definition 2. For a vertex v € V, the cut (V' \ v, {v}) is called a
singleton cut. We also say that a cut is perfect if there are no
bad edges in it.

Observation 4. Let G = G(Q), Then, for any singleton cut Cj
in G, p(Cs) = 2.

For example, in Fig. 4, the cut ({1},V \ {1}) has two bad
and four good edges, the cut ({2}, V' \ {2}) has one bad and
two good edges, and so on.

Proof. Let C; = (V' \ v, {v}). Then, the only quartets affected
are of the type ((a,b), (¢,v)). The observation follows by
the fact that each such quartet adds to C; the two good
edges (a,v) and (b,v) and the bad edge (¢, v). O

Corollary 2. p* > 2.

Proof. Note that a graph with n = 2 contains one singleton
cut and for n > 2 there are exactly n singleton cuts. By
Observation 4 the claim follows. 0

By the discussion above, in order to find p*, we need to
increase o until we hit an empty cut. There are, however,
some complications.

Observation 5. Let G = G(Q) and E, the set of good edges.
Then, p* is defined and is at most |Ey| = 4|Q| iff G has no
perfect cut.

Proof. => There are exactly 4|Q| good edges in the graph.
Since there is no perfect cut, any cut contains at least a
single bad edge and we get p* < 4|Q|.

<= There is a perfect cut C?, that is Ec» N Ej, = 0. By
the definition of p, p(C?) is undefined. O

Finally, since we are searching for p* by finding a
maximum cut in the weighted graph where the weights are
determined by the edge weight parameter «, we can use the
observations above to set a limit for c.

Observation 6. If a > 4|Q| and a nonempty cut is returned,
then G has a perfect cut.
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Proof. By Observation 2, if there is a cut C’ with edge ratio
p(C") > o then the maximum cut in the graph is not the
empty cut Cy. Conversely, by Observation 5 there is no
cut with p > 4|Q|, we obtain that the cut returned is a
perfect cut. ]

The above observations lead to a binary search algorithm
for finding the cut C* achieving p*. In the first phase, by
Observations 6 and 4 we find the space boundaries and at
the second phase, by Observations 2 and 3 we perform the
binary search in that space. The code is below:

Parametric MaxCut (G(Q))

1. 2

2. while (a < |Ey|)

-« ee€ by

(a) for every e € E, w(e) «—
1 otherwise
(b) C — MazCut(G,w)
(c) if C is the empty cut, go to 3 (« is too high).
(d) a2
3. if & > |Ey| return the perfect cut found.

4. b, — o

5. bl<—%

6. while (b, — b; > ¢€)

(1) @ b

—a ec€ Ry

(b) for every e € E, w(e) «—
1 otherwise

(c) C«— MazCut(G,w)
(d) if C is the empty cut,
o b, —«

(e) else

[ ] bl<—a

In step 2 in the algorithm above, we find the upper and
lower bounds for the optimal o while in step 6 we perform a
binary search for the best « in that interval. Since we end
this search when the interval is of size at most € and there is
a nonempty cut in the interval, we obtain the following
observation:

Observation 7. If MaxCut at steps 2b and 6c returns the
maximum cut in G, the algorithm above returns a cut C with
p(C) = p*| <.

In addition, since the search space is decreasing by half
each time, we get:

Corollary 3. If the MaxCut at steps 2b and 6c returns the
maximum cut in G, then it is invoked O(log|Q|) times for
every search.

As was indicated above, in practice, we employed our
heuristic MaxCut algorithm in steps 2b and 6c in Parametric
MaxCut

2.5 The High-Level Algorithm

A big difficulty when moving from a rooted setting to an
unrooted one, is that the relationship between the subtrees
is not embodied by the least common ancestor property,
rather by tree edges that induce splits (or cuts) on the taxa
set (see Fig. 6 for a specific example) . The generic algorithm
to handle subtrees in a rooted setting operates on rooted
triplets. It solves the problem when all the triples are
consistent and was developed in the context of relational
databases by Aho et al. [1]. Steel presented the algorithm for
use in phylogenetics in [31]. For the sake of completeness,
we give the formal algorithm in Appendix. In this naive
recursive type algorithm, every subtree rooted at some
ancestor v is linked to the ancestor generated one level
above it in the recursion procedure. The invariant is that if
the triplets are consistent, we are guaranteed to generate the
common ancestors at the correct order. In contrast, here we
cannot expect to obtain the cuts at the appropriate order. A
specific example is depicted in Fig. 6. The tree over six
leaves at the left (Fig. 6a) is represented by three quartets in
the middle. A naive recursive implementation of the type of
Aho et al. acting in the following order (from left to right) of
splits: ({1,2},{3,4,5,6}), ({3,4},{5,6}) will produce the
erroneous tree in Fig. 6b. Note that both splits are correct
and are supported by the set of quartets.

Another complication with respect to the rooted setting
is that in a recursive rooted setting, at every recursive step,
every triplet is either satisfied, violated, or wholly contained
in one of the parts. Dealing with quartets, the above is not
true: A quartet can be deferred to successive steps, yet not
being wholly contained in any of the parts. The challenge is
to keep track of these quartets and try to satisfy them.

In order to cope with the above hurdles, we devised the
following algorithm: At every step of the algorithm, we
compute a parametric MaxCut as defined above. We now
solve each part recursively but with the following two
additions. We augment each part with a new artificial taxa
x1 (or xy, respectively) and replace the single taxon in every
deferred quartet that is in the counter part with that new
taxon. Upon returning from the recursions on both parts,
we join the two trees by removing the two new taxa and
joining their corresponding pendant edges as a single edge.
Fig. 7 illustrates schematically how the two parts {1,2,3}
and {4,5,6} were augmented with artificial taxa z; (or 3,
respectively). On return from the recursion, after the two
subtrees were inferred at successive stages, these two
species are removed to form the tree in Fig. 7b.

We illustrate how the algorithm handles the same set of
quartets and the same problematic order of splits. Fig. 8
shows the recursive invocation tree on that input. In Fig. 8a,
every node signifies invocation of the Parametric MaxCut
algorithm with the set of input quartets. Along the down-
arrows appear the taxa passing to the subsequent step
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Fig. 6. Erroneous inference of the splits by a naive divide and conquer approach. The erroneous split ({3,4},{1,2,5,6}) at the resulted inferred tree

in (b) is not a split of the original tree in (a).
1 < 3 4 < 5
2 x1 X2 6

(@)

(b)

Fig. 7. (a) The two subtrees are joined by removing the two artificial nodes and connecting their corresponding (b) two pendant edges.

(including the added artificial taxon). In Fig. 8b, the
recursion rollback is depicted with the returned subtrees
along the edges. It can be seen how at every node, the
artificial taxon added is removed and its pendant edges are
joined, up to the point where the correct tree is constructed
(top edge on right tree, Fig. 8b).

The formal algorithm is depicted below (for sake of
clarity, we denote the new taxa by z; and x although they
need to be uniquely identified across all levels').

QMC (V, Q)

1. Let V be the set of taxa.
2. If @ = 0 return a tree of depth 1 with all V' sister taxa.
3. C = (V1,V3) « Parametric MaxCut(G(Q))
4. fori=1,2
— Vi < Vi U{z;} where &; is a new artificial taxon
- Qi « {g=((a,b),(c.d)) € Q:a,b,c,d € Vi}
— for every ¢ = ((a,b), (c.d)) € Q:a,b,c e Vi Ad € Va_y, Qi — q= ((a,b), (¢, z;))
- T; — QMC(V;, &)

5. join T7 and 75 by removing z;, zo and connecting their corresponding two pendant edges.

6. return the resulted tree

At every recursive step, the algorithm above adds a new
taxon. Hence, if a singleton cut is returned, the algorithm
might run forever. However, as by Observation 4 a
singleton cut Cy has ratio p(Cs) = 2, it can be shown that

1. This can be achieved by concatenating the level of the recursion to the
names z; and z,.

there are always nonsingleton cuts with ratio at least 2.
Assuming we can find these cuts (by the properties of
Parametric MaxCut), the algorithm will terminate.

The above arguments relied on the assumption of
finding a maximum cut in the graph. The following claim
relies on a stronger assumption that we can find all the
splits of the inputs:

Claim. Suppose the set of quartets is consistent with some
tree T, and the algorithm QMC finds at every step, a split
consistent with the input set of quartet (for that step). Then, it
returns a tree consistent with the primal input of quartets.

Proof. We prove the claim by induction on the number of
splits k£ in the tree. For k =1, the algorithm finds the
single split and no quartet passes to further step. The
algorithm will return a tree with two internal nodes and
all taxa at one side connected as sister taxa to each of
these nodes. Assume that the claim holds for £ =n and
we prove for k=n+ 1. Then, the algorithm finds a
correct split and divides the taxa set to two subsets. By
the induction assumption, for each of the subsets the
algorithm finds a tree in which every quartet wholly
contained in the subset is satisfied. For a deferred
quartet, the new quartet with the artificial taxon is also
satisfied and by the way of joining the subtrees, the
original quartet is satisfied as well. 0

2.6 Short Quartets Difficulties

A quartet ¢ = ((a, b), (¢, d)) is said to define an edge e = (u, v)
in T, if upon removal of u, v from T', each of a, b, ¢, d resides in
a different subtree of the four subtrees generated. We root
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Fig. 8. The operation of the high-level QMC algorithm on the quartets {((1,2), (3,4)), ((1,3), (4,5)), ((3,4,), (5,6))}. () The recursive calls with the
input quartets at every call (node) and the splitted taxa along the edges. (b) The rollback from the recursion with the returned trees along the edges.

each subtree at the internal node neighboring either u or v. A
q = ((a,b), (¢,d)) defining an edge e = (u,v) is short for e if
each of a, b, ¢, d is closest to the root in its subtree? (see Fig. 9).

Short quartets are a suitable input for tree reconstruction
[14], [15], [13], [19]. Moreover, when the set of quartets Q is
consistent with some tree 7" and all short quartets of 7" are in
Q, there exists a polynomial time algorithm that finds 7" in
O(n®) [14]. However, short quartets pose an obstacle on a
divide and conquer approach such as described here. As
short quartets are local in the sense that each such quartet
spans a small part of the tree, the maximum cut induced by
quartets, contains several splits of the tree 7" as illustrated
by the example in Fig. 10. The tree in Fig. 10a gives rise to
the three short quartets in Fig. 10b. Now, every edge in the
tree satisfies one quartet and defers another. Suppose the
difference (in gain) between a satisfied and a deferred
quartet is e. Then, the cut {{1,2,5,6}{3,4}} gives a gain of
2¢ versus ¢ by any real split of the tree.

Fig. 11 illustrates the same effect on bigger, more realistic
inputs. Clearly, these cuts (as in Figs. 10 and 11) are not real
splits in the tree and a naive application of the Parametric
MaxCut algorithm will return the erroneous splits as
illustrated in the figures.

2.6.1 Connected Components Enhancements

In order to cope with such inputs, we devised the following
heuristic that incorporates information from the cut found
and the information from the quartets. We first run the
Parametric MaxCut algorithm and keep the returned split
aside. The idea is that indeed on a global view, the cut
depicted in Fig. 11b maximizes p; however, it also incurs
many violated quartets. We wish to minimize these
violations between parts on account of violations within
parts. We start by handling “safe parings”—taxa that are
cherries (sister taxa) in quartets, and join them. We now
merge parts maximizing violations between themselves. This
is, similarly to the short quartets approach, a local view,
rather than a global view, as represented by the maximum
cut approach. We believe this is the reason that the heuristic
works on such inputs.

2. This is a slightly different definition than [14], [19].

We define a partition {S;} on the taxa where in the initial
partition, every taxon is a singleton. We now merge two
subsets S;,, 5;, if there are two taxa ij, 42 such that i; € 5,
and iy € Sj,, 11,12 are in the same part of the cut returned
from MaxCut, and there is a quartet ((4,i2)(z1, x2)) for any
taxa x1,x2. A violation between two subsets is a quartet
violated by the subsets (e.g., ¢ = ((a,b), (¢, d)) and a, ¢ in one
set while b, d in the other). Given the set of subsets obtained
from the first stage, we now merge iteratively the two
components with the maximum number of violations. The
merging is terminated when the number of components is
two. Although we do not have formal proof for the
performance of this enhancement, we tried it on some of
our data prone to such a phenomenon (geometrical
distribution and short quartets; see experiments in Section 3)
and it led to improvement of up to 5 percent in quartet score
and even in the other scores.

3 RESULTS

In order to test our method, we conducted experiments that
compared our method versus the supertree method MRP.

Fig. 9. The quartet ¢ = ((a,b), (¢, d)) defines e = (u,v) and is short for e.
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Fig. 10. (a) A tree over six leaves and (b) the three short quartets it
induces. A MaxCut will put {3,4} in one part and {1,2,5,6} in another as it
yields a better cut than any cut induced by a tree edge.

MRP [3], [24] is the most widely used supertree method by
practitioners and it has been found to have good perfor-
mance [16]. In this method, the input subtrees are encoded
in a {0,1} matrix in the following way: As every edge e in
an input subtree 7; induces a partition on £(T;), (A, B), e is
encoded as binary character C' where for each s € A, C(s) =
0 and for s€ B, C(s)=1. For se X\ {AUB}, C(s) =7
indicating a missing state. The method tries to find the
maximum parsimonious tree w.r.t. that matrix.

Observation 8. Let 1" be a tree over X and M an n x m matrix
as defined above. Then, for every character C in M, the
parsimony score of C w.r.t. T is 1 if the quartet coded for C'is
satisfied by T. Otherwise it is 2.

The above observation implies that on a quartet input,
the objective function that MRP tries to optimize, the MRP

(@)

score, is exactly the maximum quartet consistency score.
Since MRP wuses state-of-the-art techniques to solve the
problem, this makes it competitive to our method. We
remark that MRP is not a quartet method and can be used in
wide range of tasks. However, as shown above, it can be
specialized to our goal as well.

Our MRP implementation used heuristic searches in
PAUP" for maximum parsimony saving the 200 best trees in
memory. From previous experience [30] and experimenta-
tion, we set the number of random sequence additions to 3.
Allowing a longer search (more iterations) had an extremely
small impact on the topological accuracy of the resulting
tree but increased linearly MRP’s running time, making its
computation impractical. Therefore, the parameters we
used are apparently optimal for MRP. The PAUP* com-
mand we used for our heuristic search is as follows:

set Warnreset=no Autoclose=yes MaxTrees=200;
hsearch NReps=3 Addseq=random;
contree all/strict=no majrule=yes;

3.1 Simulated Data

In this type of experiments, the input to our method was a
set of quartets generated from a set of model trees. For each
number of taxa n = 100, 200, 300, we generated 10 (random,
unweighted) trees and for each tree we generated three data
sets, differing in their size (number of quartets |Q|) with
|Q| = n'?, n'7, n? Of this set of quartets, a constant portion
was flipped, i.e., was changed to disagree with the model
tree. Specifically, we flipped either 10 or 30 percent of the
quartets (yielding 90 and 70 percent correct quartets,
respectively). The properties we wanted to measure are
the accuracy of the tree returned in terms of the number of
quartets satisfied, the resemblance (topological accuracy) of
that tree to the model tree and the running times. As both
methods satisfied approximately the same percentage of
correct quartets, we do not report on this criterion rather
only on topological accuracy and running time.

28 40
9 26
3 5
11 1 1 6 10 239
3 2 11 25
3, 15 14 13 1930 43
34 16 17 18 20 37 44
47 48 36
21 22 35 41 45
42 46

(b)

Fig. 11. A MaxCut on a local set of quartets, (a) will separate the cherries marked with a red dashed arcs from the rest of the subtree and (b) will

locate them together in a single part.
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TABLE 1
Results from Experiments of Uniform Distribution of Quartet Selection
MAST distance %FP/FN Running Time
#taxa #quartets| MRP QMC MRP QMC MRP QMC

70% | 90%] 70% | 90%|| 70% | 90% | 70% | 90% || 70% | 90% | 70% | 90%
100 1000 84 74 | 77 | 69 ||100/100(87/87|98/99 |82/90| 258 280 21 20
100 2,511 71 62 67 | 57 || 87/87 |71/71|86/91 |62/74| 768 497 29 | 32
100 10,000 60 50 | 49 | 43 || 62/62 |39/39| 55/62 |28/42| 2657 | 2226 | 41 48
200 2,828 89 | 80 | 82 76 ||100/100{93/93|99/100|89/95|| 6066 | 4154 | 53 | 46
200 8,161 7| 74| 75 70 || 94/94 |85/85|90/94 |75/86|| 23173 | 23541 | 91 74
200 40,000 65 57 | 55 51 73/73 |57/57| 69/76 |45/60|| 85163 | 50243 | 122 | 119
300 5,196 93 | 84 | 87 | 74 ||100/100(98/98| 98/99 |89/94|| 24412 | 23463 | 52 58
300 16,259 83 79 77 | 75 || 95/95 [89/89|95/97 |82/89|| 35477 | 32757 | 110 | 216
300 90,000 70 | 65 57 | 48 || 91/91 |65/65| 73/80 |49/66(/184207|163763| 209 | 189

The left two columns represent the input type (from left): size of model tree (#taxa), and the number of input quartets (|Q| = n'?,n'7,n?). For each of
the three criteria, results for both error rates (70 and 90 percent) are presented side by side. For every criteria we show the MRP results versus
QMC. The result columns (right three meta columns) are: size (#species) of the biggest tree satisfied by both model and inferred trees (MAST), false

positive/false negative, and running times.

The standard practice in the field to measure the
topological accuracy is to report Robinson-Foulds sym-
metric difference distance; however, the use of RF distances
has been rightly criticized [25] as too crude, and so we
elected to report False Negative (FN) rates (also called
Missing Edge rates) and False Positive (FP) rates. We note
that the RF error rate is the average of these two error rates.
We will comment on this in a more general comparison
between the two methods. We also computed the MAST
error rate, which is the percentage of the taxa that must be
removed from both trees, in order to make the two trees
identical. This error rate has been used in some studies
evaluating phylogenetic accuracy (see, for example, [16]).

e  FP rate: The splits (edges) in the estimated tree T
which do not appear in the model tree Tj are “false
positives.” This value is normalized by the number
of internal edges in the estimated tree, to produce a
value between 0 and 100 percent.

e  FN rate: The splits in the model tree T, which do not
appear in the estimated tree 7" are “false negatives.”
This value is normalized by the number of internal
edges in the model tree to produce a value between 0
and 100 percent.

e  MAST distance: Let T be a tree over a taxa set S and
A CS. We denote by T'|, the tree induced by the
subset A of leaves, so that all degree-two nodes are
suppressed. The MAST score between two trees T
and 75 is the size of the largest subset .S, such that
Ti|g = Ts|4. To produce the MAST distance between
Ty and T, we first normalize the MAST score by the
number of leaves common to 7} and T3, and then
subtract the result from 100 percent. Note that if the
MAST distance between two trees is 0, then the two
trees are identical.

We conducted two types of simulations differing by the

way the species of any quartet were chosen.

1. Uniform. The species are chosen according to a
uniform distribution from the species set.

2. Geometrical. Quartets over species with diameter d
(the maximum number of edges on the model tree
between any of the (;) pairs of species) were chosen

with probability proportional to . This approach

favors quartets of closely related species (low
diameter) over ones which are of distant species.

3.1.1 Uniform Distribution Results

The results of our experiments with uniform quartet
selection are depicted in Table 1.

The numbers confirm the anticipated result that the
bigger the number of correct quartets the higher the trees’
similarity, and this holds for every size of tree. The same
holds also when the percentage of correct quartets is fixed
and the number of quartets grows.

We see that the similarity between the trees is very
sensitive to either the number of quartets or the absence of
noise (percent correct quartets) and a significant similarity
is obtained only when both parameters are relatively high.
Another interesting characteristic property that emerges is
that the bigger the tree (n) the relative amount of quartets
required to maintain the same topological accuracy in-
creases. This means that when #quartets is |Q| = n'7, for
example, the bigger the n the lower the topological
accuracy. This is apparent for every number of quartets
(‘Q| — TLLS, n1A77 nZ).

As to the comparison between MRP and our method
(QMC), QMC strictly outperforms MRP in the MAST
distance and the FP rate. However, even if for some
parameters MRP is better in the FN rate, for all parameter
ranges, QMC is better in the average of FP and FN, the RF
rate. A conspicuous property is that the advantage of QMC
over MRP is at its peak when the signal in the data
increases, i.e., when the results with both methods are
better. Therefore, for all ns, the difference in performance
(RF score) was highest at 90 percent correct quartets and
|Q| =n?® This may indicate a better scalability of our
method to higher accuracy. We don’t know whether this is a
result of greater capability to handle larger data or other
factors. Most notable, of course, is the advantage in the
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TABLE 2
Data from Experiments of Geometrical Distribution of Quartet Selection
MAST distance %FP/FN Running Time
#taxa #quartets| MRP QMC MRP QMC MRP QMC

70% | 90%| 70% | 90%|| 70% | 90% | 0% | 90% || 70% | 90% | 70% | 90%
100 1000 76 | 60 | 70 | 54 ||84/84|53/54|80/83|44/50| 342 283 33 | 39
100 2,511 58 | 43 | 56 | 39 ||55/55|27/27|52/54(20/23| 645 372 40 | 46
100 10,000 39 | 41 | 29 | 30 [|19/20(15/17|12/13| 5/6 || 2130 | 1860 | 49 | 56
200 2,828 82 | 60 | 73 | 54 ||86/86|46/46(78/82(41/47|| 5851 | 4536 | 83 | 63
200 8,161 54 | 47 | 44 | 36 ||43/43|20/20|45/47(13/15|| 22627 | 12508 | 118 | 90
200 40,000 44 | 38 | 36 | 30 [|13/13|14/14|10/10| 6/6 || 50695 | 33538 | 142 | 155
300 5,196 83 | 57 | 80 | 57 |(|83/83|40/40|75/77|43/46|| 23949 | 19263 | 139 | 92
300 16,259 57 | 52 | 53 | 44 ||43/43|17/17|45/47(14/16|| 37790 | 33315 | 136 | 142
300 90,000 48 | 44 | 46 | 40 ||14/15|13/13|12/13| 6/7 ||187177|168155| 225 | 254

running time. For the larger inputs (n =300 or large
#quartets), this ratio exceeded 1,000 many times. Moreover,
the running time of MRP became prohibitive far before the
limits of our methods (data not shown).

The difference in speed is not only “bonus” of our
method. It enables us to reach problem sizes that are
beyond the horizon for current techniques. For example, an
MRP run of 10,000 quartets on 800 taxa ran more than a
week without terminating. In contrast, the largest instance
we tried our method on was of 100,000 quartets drawn from
a model tree over 10,000 taxa with precision of 90 percent.
Our method reconstructed a tree in about 90 minutes that
satisfied 89 percent of the quartets.’

3.1.2 Geometrical Distribution Results
In this type of experiment, we gave preferences to “close”
over “far” quartets. That means that a quartet of diameter d
was chosen with probability 1. We denote that as the
geometrical distribution. The biological reasoning for using
that distribution is that, in general, we are less certain about
the order of speciation of distantly related species, than of
more closely related species [21], [20], [14], [13], [19], and
therefore we “weigh” these distant quartets less. This
approach was proved useful in our study of sequence-based
reconstruction [30]. The experiments were performed iden-
tical to the uniform distribution in terms of the number of
taxa, number of quartets, and percent correct. Table 2 depicts
our results on this distribution (for explanation see Table 1).
Under this distribution as well, the quartet fit measure
stays similar to the values obtained under the uniform
distribution (and therefore not shown). As can be seen, in
contrast to the uniform distribution, the measures for tree
similarity (MAST and FP/EN) attain very high values (low
error rate) even for 70 percent accuracy (see, e.g., QMC results
forn = 200 and #quartets = n?) or small #quartets = n!7 (e.g.,
QMC results for n = 200 and 90 percent accuracy). Another
noteworthy property is that in contrast to the uniform
distribution, here an increase in the #species n, does not
require an increase in the relative number of quartets (i.e.,

3. We note further that our code is hardly optimized in that while the
divide step (the maximum ratio cut) is implemented in C, the recursive
algorithm is written in Perl with system calls to the MaxCut code. Thus, we
are hopeful that this approach can work with even much larger data sets.

similar results are obtained at #quartets |Q| = n!" for all ns).
Here also the differences between the two accuracy values
(90 and 70 percent) are very significant, at both methods
(MRP and QMC) and at all parameter ranges. We do not
explore this point and leave it as an open question for future
research. The advantage of QMC over MRP is more
significant here than under the uniform distribution. In
particular, the phenomenon highlighted above of increasing
QMC advantage with increasing accuracy is very significant
(with competing values for low #quartets and/or accuracy
70 percent but about half the MRP RF score for big #quartets
and accuracy 90 percent).

3.1.3 Comparing Experiments Characteristics

We conclude our experiments on synthetic data by
demonstrating the performance of QMC (in terms of RF
distance) with respect to #quartets under the two character-
istics we defined: geometrical versus uniform distribution,
and 70 percent versus 90 percent accuracy. The results are
depicted in Fig. 12. As can be seen, the effect of the
distribution (uniform versus geometrical) is more influen-
tial than the noise effect (percentage of correct quartets in
the input). As shown, the two geometrical curves are
significantly better (smaller RF) than the uniform recipro-
cals (uni 90 percent, uni 70 percent), achieving small error
rates already at n? quartets. It appears, however, that for
very large number of quartets, the uniform distribution
outraces the geometrical but the significance of these
numbers is not clear. Running times grow linearly with
the number of quartets with 50 seconds for 100,000 quartets
and 500 seconds for 1,000,000.

3.2 Experiments on Real Data

Quartet methods can be used also in the setting of
supertrees. The input to the supertrees problem is a set
of input trees not necessarily of size four (in fact, typically
of bigger sizes). Therefore, here, in addition to the task of
optimizing the tree constructed from the quartets, a
separate task is to generate a “representative set” of
quartets that will lead to the best construction of the tree.
In particular, an edge high up near the root is a member in
the central path of O(n') quartets while on the other
extreme, low edges near the leaves are members in only
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Fig. 12. A chart showing the difference in performance between the two methods (geometrical versus uniform) and the two error rates (70 percent

versus 90 percent). All experiments were done for #taxa n = 100.

O(n?) quartets (note that pendant edges are not members
in any central pass). In [29], in a rooted setting, we used a
fairly naive approach of taking all () triplets defined by
subtree i with size n;. This approach has some disadvan-
tages: First, many of these quartets are redundant and can
be eliminated. In addition, subtrees over large sets of taxa,
contribute many quartets more than smaller subtrees,
yielding overrepresentation of these trees. Finally, for some
inputs, the amount of input quartets generated becomes so
large that the running time of our method becomes very
slow. Here, we devise a more advanced technique to cope
with the above problems: We take a quartet ¢ to the
representative set with probability proportional to ¢~%em(9)
where ¢ is some constant calibrated according to the size of
the trees/taxa set. This inverse proportion between the
probability of being chosen and size of the tree spanned by
a quartet, causes many quartets that define the same split
to be chosen with lower probability. Since this strategy can
lead to the phenomenon that some splits in a tree will
remain unrepresented, we augment this set of quartets
with all the short quartets of every input subtree.

In order to evaluate a supertree 7' with respect to an
input subtree ¢, we obtain T, the subtree of T induced by
the leaves of t. We compute the following measures:

1. the number of common edges normalized by the
number of edges in T, and
2. the MAST score between the trees normalized by the
number of taxa.
We comment that similar criteria are also mentioned in
[12]; however, they also suggest the quartet fit measure that
we found inappropriate as explained above.

3.2.1 The Data

We compared our method to MRP on five different sources
of data. The first three data sets were taken from recent
studies and contain data from various sources:

e Marsupials: A total of 158 source trees with
267 marsupial species [6]. The source trees were
based on a wide range of data types, including
molecular sequences, DNA hybridization, karyo-
types, and immunological, morphological, and be-
havioral data.

o Cetartio: A total of 201 trees over 290 species
comprised of whales, dolphins, and even-toed
hoofed mammals [23].

e Legumes: A total of 20 trees over 571 taxa. This
group contains many of the economically important
and familiar temperate legumes, such as alfalfa,
clovers, lentils, peas, vetches, chickpeas, licorice root,
and locoweeds, as well as many of the model
systems used for studies of nitrogen fixation, legume
biology/genomics, and bacterial-plant symbioses/
coevolution [22].

The above trees contain very big subtrees and one subtree in
the Marsupial data set is over the complete taxa set. To
contrast this characteristic with small input subtrees, we
included two other data sets drawn from the RBCL 500 data
set [27] of 500 taxa. The first is composed of 28 subtrees
where each subtree is of size at most 50 taxa and the second
input is of 199 trees each over at most 10 taxa.

3.2.2 Real Data Results

From each subtree in the input set, we took every quartet g
with probability 1.5-%"(9. To these we added all the short
quartets of every subtree in the input. Since this set is quite
sparse for such a large set, it is prone to the local
components phenomenon described in Section 2.6. There-
fore, we employed the quartet algorithm in conjunction with
the connected components enhancement (see Section 2.6.1),
in order to infer the tree. The results are shown in Table 3.
The left columns represent the data set, the number of
species in the data set, and the size of the largest tree. The
three right double columns depict the results obtained for
(from left) MRP, QMC, and QMC with the connected
component feature. For each of the three first data sets, we
also took subsets of the input trees where each tree in the
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TABLE 3
Real Data Results
maximum| MRP QMC |QMC-conn
data set |#taxa| tree size | RF MAST|RF MAST|RF MAST
Marsupials| 267 267 62 64.1 |56.5 64.6 | - -
30 63.6 63.3 |45 58.6 |49 65.1
10 74.7 63.5 |68.7 65.5 |71.2 69.4
Cetartio | 289 212 54 65 [48.2 60.6 |48.2 60.6
15 60 62.3 | 53 659 |56.8 67
10 64.1 62.1 |60.7 67.6 |61.7 65.5
8 69.4 60.3 |63.5 67.7 | 66 69
Legumes | 570 140 70.2 58.8 |54.3 53.3 |55.3 56
40 94.6 66.9 [90.3 70 |88 62
RBCL1 500 50 83.6 63.7 |81.1 629 |88.4 66.4
RBCL2 500 10 82 60 (794 65.1 |90 61.7

data set is of some bounded size. This enables us to see how
the performance of each method changes when the input
trees’ sizes change.

In general, it seems that the connected component
feature is helpful in the task of supertree construction as it
yields better MAST and RF scores. As to the comparison
with MRP, it seems that, in general, our method outper-
forms MRP on the MAST distance, especially on the smaller
trees and with connected component feature. On the RBCL
data, our advantage is clear and significant in both
measures. A possible explanation might be that the subtrees
in these two data sets are of low diameter, that is, the
evolutionary distance between every pair of species in a
subtree is small. Similarly to the geometrical distribution
approach, this approach favors quartets of low diameter.

4 CoNCLUSION AND FURTHER WORK

In this work, we devised a quartet-based phylogenetic
reconstruction method. The method is based on a recursive
divide and conquer algorithm that seeks to maximize the
ratio between satisfied and violated quartets at each step.
This task is performed by a very fast SDP-like heuristic for
solving MaxCut in a graph. We showed experimentally
that although optimizing our criterion implies solving a
NP-hard problem, a simple heuristic suffices to provide
good performances.

We emphasize that we do not claim that our approach
maximizes the number of consistent quartets or that the
resulted tree is the optimal. This is beyond the scope of this
paper and can be pursued in further theoretical research.

We applied this method on synthetic data in the form of
quartets as well as on real data in the form of input to the
supertree problem. Our results show a strict advantage over
the well-known and popular supertree method MRP on the
synthetic quartets input. This strict advantage was not
obtained in our previous work on triplets in which we were
superior over MRP in triplet score and running time, but
not in the MAST and RF rates. We attribute this achieve-
ment to the parametric search algorithm that finds a near
optimal ratio cut.

On the real data input, we devised a strategy of evenly
picking representative quartets from the input subtrees and
coping with the locality of sparse quartets over the sought
phylogeny. Using these techniques, we obtained good
results in comparison to MRP, when the input trees
preserve locality. We hypothesize that this is related to
the superiority of the geometrical distribution over uniform
distribution in the tree similarity criteria.

We conclude that the use of our quartet method for
supertree reconstruction seems promising mainly for its
speed. However, when the input trees are very big, a deeper
insight of how to represent the splits of the input subtrees is
required in order to achieve clear advantage over MRP.
MREP is sensitive both to the number of taxa and number of
quartets whereas QMC is mainly sensitive to the number of
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quartets. This gives hope that with a smart quartet selection
criterion, we can reconstruct fairly large trees.

APPENDIX

Aho et al. Recursive Algorithm for Rooted Triplets
The algorithm uses two generic partitioning rules, of which
only one is used in our case. It proceeds recursively on the
set of taxa by applying the partitioning rule to produce a
tree. The algorithm is described below:

Aho et. al. (V,T)

1. Let V be the set of taxa.
2. If T = () return a tree of depth 1 with all V' as sister taxa.
3. Build the connectivity graph G = (V', E’) as follows:

- V' <V,

— for every triplet 4, j|k € 7, introduce the edge (4, ) € E'.
4. Let ¢ be the number of connected components in G¢.
5. If ¢ = 1, return NULL, no tree is consistent with all triplets.
6. else

— create an internal vertex u in 7.

— For every connected component C; in G,

o T; — Aho et. al. (V(C;),{(i,jlk) € T : 4,5,k € V(C;)}).

e make T; a child of u.

7. return T,.

The Heuristic MaxCut Algorithm

Heuristic MaxCut (G = (V, E))

embed V onto the 3 dimensional sphere.

— until some threshold is reached

e find a vertex v which is far from the center of mass
with respect to the distances induced by the graph G.

e move v towards the center of mass.

— select a random hyperplane to partition the points.

— produce the corresponding cut.
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