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Hadamard Conjugation for the Kimura 3ST
Model: Combinatorial Proof Using Path Sets

Michael D. Hendy and Sagi Snir

Abstract—Under a stochastic model of molecular sequence evolution the probability of each possible pattern of characters is well
defined. The Kimura’s three-substitution-types (K3ST) model of evolution allows analytical expression for these probabilities by means
of the Hadamard conjugation as a function of the phylogeny 7" and the substitution probabilities on each edge of 7. In this paper, we
produce a direct combinatorial proof of these results using path-set distances, which generalize pairwise distances between
sequences. This interpretation provides us with tools that have proved useful in related problems in the mathematical analysis of

sequence evolution.

Index Terms—Hadamard conjugation, K3ST model, path-sets, phylogenetic trees, phylogenetic invariants.

1 INTRODUCTION

HADAMARD conjugation is an analytic formulation of the
relationship between the probabilities of expected site
patterns of nucleotides for a set of homologous nucleotide
sequences and the parameters of some simple models of
sequence evolution on a proposed phylogeny 7. An
important application of these relations is to give a
theoretical tool to analyze properties of phylogenetic
inference such as the methods of maximum likelihood
and maximum parsimony, as well as for generating
simulated data, and determining phylogenetic invariants.
Hadamard conjugation can also be used directly for
phylogenetic inference, inferring either trees with the
Closest Tree algorithm [11], [25] or networks using Spectro-
net [18]. Application of the Hadamard conjugation in
maximum likelihood phylogenetic inference under the
Kimura’s three-substitution-types (K3ST) model was done
in [5] and in a related problem, where phylogenetic
invariants were used to reconstruct quartet trees under a
generalized variant of K3ST [4].

Hadamard conjugation was first introduced in 1989 [10],

A path-set in a phylogenetic tree T' is a generalization of
the concept of a path. This approach allows the concept of
pairwise distances between sequences to be extended to
distances connecting larger sets of taxa. It provides proper-
ties that can be related to other evolutionary phenomena
such as the molecular clock hypothesis. This has, for
example, proved pivotal in allowing a simpler analytic
expression of the likelihood function, as developed in [5],
leading to an algebraic solution for the maximum likelihood
points. We demonstrate this use, as well as the relation to
the molecular clock property in our last section describing
the application of the Hadamard conjugation, as was used
in [5]. It has also proved useful in identifying phylogenetic
invariants [15], [27], [4] and introducing the projected
spectra [30], which reduces both the variance in the
parameter estimates and the computational complexity of
the Closest Tree algorithm [11]. All the above examples rely
on some relationships between the phylogenetic tree and
the probabilities of obtaining sequences evolved under that

[13] fpamalyzedfviensteteschpraster sshpleaces qroeingander [n})f
the Neyanaa thedabddl. JFyanyasiblopesd dAbinetef! rifatence
K3SEegadaté2id abinstaye dharadpuisgpldfbe naadeled byiodel

the Idetaigeauys Zare Zorddatitog this, Gzékedyset alnb28ix [29]
extended the two-state analysis to a more general algebraic
theory, where substitutions belonged to an arbitrary Abelian
group. They then applied this to sequences evolving under
the K3ST model. Current applications of Closest Tree and
Spectronet [18] are usually applied to the 4-state K3ST model
or its derivatives, the K2ST and Jukes-Cantor models.
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T of
2" rows and columns, called the edge-length spectrum.
The probabilities of each site pattern are presented in a
similar sized matrix Sr called the sequence probability

Published by the IEEE CS, Cl, and EMB Societies & the ACM



462 IEEE/ACM TRANSACTIONS ON COMPUTATIONAL BIOLOGY AND BIOINFORMATICS, VOL. 5,

U(T) = C

A G

Fig. 1. K3ST, showing the three substitution types, «, 3, and ~, applied
either to the RNA nucleotides 3, C, G, and U or to the DNA nucleotides 2,
C, G,and T.

spectrum. We also define a Hadamard matrix H, of
2" rows and columns and show that the matrix products:

HnQTHn7 HnSTHn7

both relate to properties of path sets. We prove the major
result by interpreting corresponding components of each
entry of these matrices. In particular, we show that the
(E,F) entry in both matrices corresponds to certain
“evolutionary distances” defined by path sets £ and F.

We note that we were motivated to provide this new
proof as these variables served as the defining parameters
in the likelihood equation in [5] while their biological
interpretation has not been elaborated sufficiently. We start
by describing the K3ST model over a single edge and then
generalizing it to a set of edges in a tree. Next, we
introduced the notion of a site pattern and the matrix Sy.
In Sections 5 and 6, we introduce the Hadamard matrices
and path sets and the relationship between them. Section 8
is the main part of the proof, where we show the
relationship between corresponding entries of the matrices
H,QrH, and H,SrH,. We end by describing the derivation
of the equations used in [5] leading to an analytical solution
of the ML problem.

We believe this is an important contribution that can
serve in the burgeoning area of algebraic statistics in
biology and phylogenetics, in particular (see, e.g., [1], [2],
[3], [23], [24], and [27]).

2 Kimura’s 3ST MODEL

In this section, we first describe the K3ST model. We then
derive identities relating the substitution matrix M, and the
matrix of expected numbers of substitution along each
edge. Finally, we encode these relationship by means of two
simpler matrices P and (), and the Hadamard matrix H;.
K3ST [21] specified independent rates for each of the
substitutions between pairs of RNA or DNA nucleotides.
Here, we will refer to Kimura’s three substitution rates as
Aas Ag and A, and use a, §, and v to refer to the substitution
types, as illustrated in Fig. 1. These are defined formally as

e . The substitutions A < G, U(T) < C (transitions).

e (. The substitutions A < U(T), G < C (transversions
type ).

e ~. The substitutions A < C, U(T) < G (transversions
type ).
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By including the identity transformation €, we find that the
set of substitution types:

T = {67 a? ﬂ? 7}
is a group under composition, acting on the nucleotide set
{4,C,G,U(T)}. Thus, for example, a(5(C)) = a(G) = A = ~(C),
so o ff=nr.

Consider the maps g1, go : 7 — Co = {1, —1} defined by
ﬂ = = 17
B =1,

We find that g; and g, are both homomorphisms from (7, o)
onto the 2-group (Cs, x), and the map

g:0—(g1(0),92(0)),

is an isomorphism onto the group (Cs x Cs, x).

g sl ael, Y- 1

(1)

g el ar—-—1, vy —1.

0eT,

Observation 1. (7,0) is isomorphic to the Klein 4-group,
(CQ X CQ, ><).

In contrast, the set of substitutions of the K2ST model
and of the Jukes-Cantor model do not form groups, as
products are not well defined (for example, a product of
two transversions in K2ST could either be a transition or the
identity).

A related, however, different aspect is the property of
generalization/specialization between models. For exam-
ple, we can specialize from K3ST down to each of these
models by imposing restrictions on parameters (for exam-
ple, if the expected numbers of transitions and of transver-
sions of each type are equated, then K3ST specializes to the
Jukes-Cantor model). A different restriction on the values of
the model parameters is imposed by the Molecular Clock
constraint, however, this is beyond the scope of this work
(see, e.g., [17] and [6]).

Kimura modeled the expected differences between two
sequences separated by time ¢. With the three specified
rates, the expected numbers of substitutions of each type
are therefore

g(@) = Aat,  q(B) = Ast,  q(7) = Mt.

By setting Ag = A,, this model projects to K2ST, Kimura’s
better known two substitution type model [20]. Setting A\, =
As = A, gives the simple Jukes-Cantor model [19].

The probabilities p(a), p(3), and p(y) of observing
differences of each type over the time period ¢ under-
estimate ¢(«), ¢(f8), and ¢(v), as multiple changes are not
directly observed. Observed frequencies of differences can
be taken as estimates of p(0) for 6 € {«, 8,7}

In [21], Kimura derived expressions for the expected
numbers ¢(¢) as functions of the probabilities p(#). These are
equivalent to the standard expression of the stochastic
matrix M, derived from the rate matrix

—(AatAgt+Ay) Ao A Ay
. Aa —(AatAstA) A As
Mg Ay —(AatFAg+Ay) Ao ’
Ay As Ao —(AatAg+Ay)
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. — o K+qla)+q(B)+q(v)
over time ¢, so that (e.g., see [26]) P(e)+p(@)+p(B)+p(y = e AT,

( (7) =
1-2(p()+p(7)) = p(e)—p(a)+p(B) —p() = e~ 2VH0) = e=K—ale)al)-a0),
M = exp(Rt), a0 = el = AN gt
where 1-2(p(0)+p(8)) = p(e)—p(a)—p(6)+p(7) = e AV = oK) aB)satr).
[p(e) pla) p(B) p(v) - , b el 4 b
e p@) ple) p(y) p(Bd) ese equations can be succinctly expressed (see [12]) as
p(B) p(y) ple) pla)|’
H,PH, = Exp(H,QH 3
Lp(7) p(B) pla) ple) WP = BxpUh Q). )
(=K q(a) q(B) q(7) where
Ri— | 1@ —E a) aB) |
aB) a(v) —K q(a) o[t po[p@ b)) o [-E )
La(v) a(B) @) —K SR s O L 710 ) BTG B A () I TGO N

K = q(a) + q(B) + q(v) is the total number of substitu-

. . . . and Exp is the exponential function applied to each entry of
tions, and exp is the standard exponential function for *P p PP y

the matrix. Equation (3) can be inverted (as the arguments

square matrices. We note that as R and t are fixed, so too are . .
of In are all positive) to give

M, p, g, and K as they are defined by them.
Let H, be the 4 x 4 Hadamard matrix: H\QH, = Ln(H, PH,), (4)

where Ln is the natural logarithm applied to each entry of a

11 1 1 :
1 -1 1 _1 matrix.
H, = . - .
27117 1 -1 -—-1|" The invertibility of (3) and (4) means that provided the
I -1 -1 1 parameters are in valid ranges, the model could be specified

either by the three probabilities p(«), p(3), and p(y), or by the

Observation 2. H, diagonalizes both M and Rt. In particular,
three parameters g(a), ¢(3), and ¢(y). This inversion does not

Hy'MH, = rely on a rate/time specification and a Poisson process of
1 0 0 0 substitution. Hence, we are able to test the validity of a

0 1-2p(@)-2p(7) 0 0 ’ constant rate model in analyzing observed data.

0 0 1 —2p(8)-2p(v) 0

0 0 0 L=2pla)=2p(5) 3 SUBSTITUTIONS ACROSS THE EDGES OF A TREE
and We now extend the model of the previous section to handle
H,'RtH, = sets of edges. We derive the probability of a substitution of
0 0 0 0 type 0 along a set of edges W and record it in a stochastic
0 q(a)+q(y) 0 0 matrix My. We also define the path length matrix Qyw and
-2 0 0 a(B8) + q(7) 0 ’ by a similar fashion to that in the previous section, obtain
0 0 0 q(e) + q(B) the relationship between My, and Q. Finally, we define

the edge length spectrum that records all the tree

Recall the exponential of a matrix is a power series, so
parameters.

Let [n] = {1,2,...,n} and [n], = [n] U {0}. Let T be a tree
(phylogeny) with leaf set L(T') = [n], and edge set e(T"). For

Hy RtH (Rt
exp(Hy ' RtHy) = Z( 2) ZH* )
n>0 n>0

5 exp(Rt)H,. each edge e € e(T), we can postulate three independent

Kimura probabilit arameters , , and p.(7).

As exp(H; 'RtH,) is diagonal, so too is H, ' exp(Rt)Hs,, P y P pe(a), p(B) pe(7)

These are collected in a stochastic matrix:
with entries

1=¢, e 2@td0)  o=2B)ta)  g=2a(e)+a(B) pe((e) pe(c¥) pﬁgﬂg pe(fyg
, _ | pela) pe(e)  pe(v)  pe(B

Now, using (2), we observe M, = 2(B) pe(v) pele) pele) ]’
Pe(7) pe(B) pe(a)  pe(e)

Hy'MH, = Hy ' (exp(Rt))H,.

Equating the diagonal entries shows that the eigenvalues  with eigenvalues 1, exp(—2(q.(a) + ¢.(7))), exp(—2(q.(B)
of M and exp(Rt) are + ¢e(7))), and exp(—2(ge(a) + e(B)))- Let
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p— |:pe(€)

o pe(a)} Qez[q—LKe qe(a)]

Pe(7) (B)  q.(v)

then by (3), we see that the probabilities p.(«a), p.(3), and
pe(7y) are related to the three parameters ¢.(«), ¢.(5), and
(7) as

H\P.H, = EXP(HlQeHl)
As the matrices M,, for e € e(T'), are each diagonalized

by H;, they commute. Hence, for any subset of edges
W C e(T'), we can formally define the product:

pw (( 6)) pw ((CY)) pw Eﬂ ; pw g%
B | owla) pwle) pw(y) pw
M= 1;[1 Me= pi;(ﬂ) p:;(v) P‘:V(E) PE’(O‘) ®)
‘ pw(Y) pw(B) pw(@) pwle)

We note that the term py(6) is the probability that the
product of the substitutions of all the edges of W is §. In
particular, if W is a path in T, then py (6) is the probability
that the states at the endpoints of the path differ by the
substitution 6. In addition, when W = {e}, we see M, =
M. and pyey (6) = pe(0).

We see that My is diagonalized by Hj:

Hy ' My H,
1 0 0 0
0 1-2pw(a)+pw (7)) 0 0
0 0 —2(pw (B)+pw (7)) 0 ’
0 0 0 1=2(pw (a)+pw (B))

as is each factor in (5), so

Hy ' My Hy = H;! (H MC> H,

ecW

= [ # ' Ml =]
eeW eeW
1 0 0 0
0 exp(-2(g(a)+a.(7) 0 0 _
0 0 exp(—2(4.(8)+a.(7)) 0
0 0 0 exp(—2(ge(0)+4.(8)))
1 0 0 0
0 exp(=2((gw (@) +aw(7))) 0 0
0 0 exp(—2(qw (8)+aw (7)) 0 ’
0 0 0 exp(=2(qw @ +aw B))
where
aw(0) = ale), (@)= ¢B), awl)=>_ aeH)

ecW ecW ecW
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Thus, equating the diagonals, we have

Observation 3.

= pw () +pw () +pw (B)+pw (7) = exp(0),
1=2(pw (a)+pw (7)) = pw (€)—pw (@) +pw (B)—pw (7) = exp(—=2(qw (a)+qw (7)),
1=2(pw (B)+pw (7)) = pw () +pw (a) —pw (B)—pw (7) = exp(—2(qw (B)+aw (7)),
(e)—pw( (-

1-2(pw (a)+pw (B)) = pw (e

—pw (@) =pw (B)+pw (7) = exp(=2(qw () +aw (B)))-

We now define the corresponding P and @ matrices for the
edge set W:

_ [pw(e) pw(a)

Re=| e min)
_[—Kw aw(a)

Qw = LIW(@ qw (’Y)} §Q67

where Ky = qw(®) + qw(8) + qw (7). The relationships of
Observation 3, similar to (3), can now be expressed as

= Exp(H,QwH,). (6)

As the (), matrices are additive over edge sets of T', we
refer to the expected numbers ¢.(c), ¢.(5), and ¢.(v) as the
three edge-length parameters, for each edge e € (7). We
can thus specify our model by the set of 3|e(7T")| independent
edge-length parameters

{ge(0): 0c{a,B,7}ece(T)}).

Given T and the 3|e(T)| edge length parameters, we can
model sequence evolution on 7" under the K3ST model, if
we specify a sequence of nucleotides at one leaf and
generate corresponding nucleotides at every other vertex
according to the probabilities p.(6). We comment that the
K3ST model induces uniform base distribution under
equilibrium. However, since our work deals with the
probabilities along the edges, our derivation is indifferent
to the base distribution.

Edge indexing. The deletion of an edge e € e(T') induces
two subtrees, whose leaf label sets A, A’ (with 0 € A')
partition L(T) = [n],. Thus, A is the set of leaves of T
separated from reference leaf 0 by the edge e. We choose the
subset A C [n] (the subset not containing 0) to index e as e4.
Thus, for e = ey € e(T):

Hy Py Hy

A={i€n]:eeclly},

where Ily; is the path (in T) connecting leaves 0 and .
A partition of a set X into two subsets {4, A’} (so AN
=0and AU A" = X) is called a split of X. When X = [n],
we will identify each split {A, A’} by the subset A, which
does not contain 0 and, hence, we see the set of splits of
[n], ={0,1,...,n} is bijective with the set of subsets of
[n] ={1,2,...,n}.

Now, for each A C [n], we define the three values, (¢,) 4,
(g5) 4, and (g,) 4, by

Ge, (0) if eq € e(T),
(@0)a =4 —Ko ==Y eeum 95 (0) i A=,
0 else,

for =, ,7. We incorporate these values into three
vectors q,, qg, and q,, each of 2" entries. We order the
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2 e 3
€2 €13
0 Tis 1
[ —K(a) ] [ —K(B) ] [ —K(7) ]
a1 (c) «(B) a(7)
g () a(8) g(7)
_ 0 . 0 _ 0
=0 g YT wd) YT et |
qi3(a) q13(83) q13(7)
0 0 0
L Q123(04) _ L Q123(,3) J L Q123(’7) J
i -K Q1(Oé) Q2(a) 0 (J3(04) lhs(a) 0 (J123(01)
fh(ﬂ) fh(’V) . . . .
fh(ﬁ) . 112(’)’)
Or = 0 . 0 .
T g3(8) sy . ’
Q13(ﬂ) . . . Q13(’Y)
0 . . . . . 0 .
L Q123(ﬁ) Q123(’Y) i

Fig. 2. Example: The edge-length spectrum of the tree T' = T3.

components of the vectors by the subsets of [n] as follows:
0,{1},{2},{1,2},{3},{1,3},{2,3},{1,2,3},{4},-- -, [n], etc.
As (q)y = —Kp, the sum of the components in each
vector is 0.

We will also find it convenient to incorporate the vectors
into a 2" x 2" matrix:

QT = [qA,B:I A,BCn]’

where
e (B) ifes €e(T),B=0,
Ges(a) if A=0,ep € e(T),
qaB = @ (7) i A=DBes€e(T), (7)
0 else,
where

Kr= )Y (¢(@)+a(B)+a¢() = K.

ece(T) ece(T)

Thus, the leading row of Qr is q,, the leading column is
qg, and the leading diagonal is q., all other entries are 0,
apart from Qy9 = —Kr (hence, the sum of all entries of Qr
is 0). Qr is referred to as the edge length spectrum for 7.
The positive entries of this spectrum identify the edges of T'.

Fig. 2 shows an example of the tree T'=Ti3 onn+1 =
4 taxa, and its edge-length spectrum as three vectors, and
incorporated in the 8 x 8 matrix Qr. Corresponding
coordinates of the vectors q,, qg and q, give the three
edge length parameters for the corresponding edge. The
“0” value indicates that there is no corresponding edge in
T. These vectors are placed in the leading row, column,
and main diagonal of the matrix Q7. This means that for
A, BC {17273}/ dp,B = (IB(O‘)/ qa0 = qA(ﬁ)r qa.A = QA(’Y)/
and for all other entries, g4 5 =0, except the first entry
g9 = —K, where K = K(a)+ K(8)+ K(v). The entries

“u o

indicated by “.” are all zero and are zero for every tree.
The entries indicated by “0” are zero for the topology of
T, signifying that the splits represented by them are not
part of T. Different topologies can have positive values
for these entries. The nonzero entries (in the leading row,
column, and main diagonal) should each be in the same
coordinates as they identify the edge splits of 7. For
general trees on n + 1 taxa, the edge length spectra are
vectors and square matrices of order 2".

4 SITE PATTERNS

In this section, we introduce the notion of a character x. We
also define the notion of site pattern and show that each site
pattern is identified by an ordered pair of splits, (C, D),
(C,D C [n]), and that every character x can be recovered
from the site pattern and the state at taxon 0. This leads to
the definition of the sequence probability spectrum that
records the probability of obtaining every site pattern.

When we propose a sequence of nucleotides' at leaf 0,
and an edge-length spectrum Qr on a phylogeny T with
leaf set L = [n],, we can generate homologous sequences at
each of the other leaves of 1" under this stochastic model. A
common position in each of these sequences is called a site.
An assignment of nucleotides at a given site is called a
character x. Specifically,

x:L—{ACG,T}

assigns a nucleotide to each leaf, with x(¢) the character state
at leaf ¢. This assignment partitions L into subsets La, Lc,
L, and Lt, where for X € {A,C,G, T}

Lx ={ie L:x(i) =X}

Given the character y, we define the character substitution
map 6 : L — T such that

and a pair of sets C(x), D(x) C [n], where

C(x) ={icn]:00) € {B,;7}},
D(x) = {j €[] : 00) € {a,"}}

The pair of subsets (C, D) = (C(x), D(x)) is called the site
pattern for x. Given the site pattern (C, D) and the character
state x(0) at the reference leaf 0, we can recover x. For
example, if i€ D—C and x(0) =G, then 6(i) =, so
x(1) = a(G) = A.

There are four characters x (depending on the state of
x(0)) that correspond to the same site pattern (C, D). Under
equilibrium and by the symmetries of K3ST model, each has
the same probability of being generated on T by this model.
However, the transition matrices at the tree edges are not
dependent on this. Let s¢ p be the probability of obtaining
the site pattern (C,D) (recall the site pattern (C,D) is
obtained from four characters y, as x(0) takes each
character value). We now define the 2" x 2" matrix Sr,
the sequence probability spectrum, with rows and col-
umns indexed by the subsets of [n], where

Sr = [SC,D]C,DQ [n]

1. The assumption about nonuniform base frequency holds here as well.
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Fig. 3. (@) The path IIy, = {ej231,€124,€2} (dashed line). (b) The path II3y = {es, €104, €14,e4} (dashed line). (c) The path set Iy =
{e1234, €3, €3,€14,€4} (dashed lines). Note that, in each case, IIp = {es € e(T) : |AN E| is odd}. We note Il UIl3; can be partitioned into
W =g NIy = {e1o4}, U =T — W = {e1a34, €2}, and V =TIy — W = {e3, e14, €4}, as in (21).

The main theorem of this paper (Theorem 10) links
between the probability s¢ p, for each C, D C [n], and the
edge length parameters ¢.(6) :ece(T), 0 € T. We will
derive explicit formulas for s¢ p as a function of edge length
parameters.

5 HADAMARD MATRICES

We define recursively the family {H, : n € Z"}, (known as
Sylvester matrices), where for n > 2

Hn,fl

H,_
Hn:H1®Hn71:|:H 1 /1:|7
n—

—d4in-1

is a symmetric Hadamard matrix of order 2", with H; and
H, as previously defined. It is easily seen that H, ! = 27" H,,.

It is known [10] that if we index the rows and columns of
H,, by the subsets of [n], then, for A, B C [n], we have the
following observation.

Observation 4.

[Hal g 5= (A, B) = (=)™ = h(B, A).

Further, for B, C' C [n], we write their symmetric difference
as BAC(= (BUC) — (BNC()), and we see

(= 1)MN(BAO _ (_q)(140BL+14nCl-2lan(Bne))

Hence, we have the following.

Observation 5.

h(A, (BAC)) = h(A, B)h(A, C).

6 PATH SETS

In this section, we show how to decompose a set of paths
connecting an even number of leaves into a set of edge
disjoint paths. We denote the latter as a path set. We then
generalize the edge length into path-set distances with
respect to each substitution 6 € 7.

For any i, j € L(T) = [n],, we define the path II;; to be
the set of edges in 7" connecting leaves i and j. In particular,
we note

Iy = {ea € e(T) : i € A). (8)

IL;; is obtained by deleting the common edges of Ilj; and I,
from their union, so

IL; =Ty Ally; = {ea € e(T) : |AN{i, 5} =1}
={eace(T): h(A{i,j}) = -1}
For any FE C [n], let
g ={es€e(T): WA E)= -1},
so, in particular, for i, j € [n], we see

gy = Wiy, Iy =g, Iy = 0.
Observation 6. In [14], it is shown that 11 is a collection of edge

disjoint paths, with end-point set E or E'U {0}.

IIg is called a path set. Figs. 3a and 3b show the two
paths Il and II3 4, respectively, while (Fig. 3c) shows the
path set induced by the set {0, 2, 3, 4}.

By similar arguments to the discussion above, we find
the following.

Observation 7. The set of path sets is a group (under
symmetric difference) isomorphic to Cj. In particular,

The sum of edge lengths on a path connecting two leaves
can naturally be thought of as the distance between the
leaves. We extend this distance concept, for each substitu-
tion type 6 € {a, 5,7}, to path sets. We define the path-set
distance of path set IIx to be the sum of the corresponding
edge lengths of each edge of the path set, that is,

d, (0) = Z qa(0).

eq€llp

7 SITE PATTERNS AND THE HADAMARD MATRIX

Here, for the sake of the explanation, we extend the notion
of a character to conceptually assign values to the internal
vertices of 7. This allows us to extend the notion of the
substitution function 6 to the context of edges and,
subsequently, to path sets.

Suppose we are given x(0), the character state at leaf 0
and assign a transformation §(v) € 7 to each vertex v of T,
such that the character state at v is x(v) = 6(v)(x(0)). (In
particular, note that 6(0) = ¢, the identity.) If we restrict
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ourselves to the set of leaves [n], then we find that the
consequent site pattern is (C, D) = (C(x), D(x)), where

C(x) ={i e nl: 0()) € {6,7}},
D(x) ={j € [n]: 00) € {e,7}},

are subsets of [n].
Further, for each edge e = (u,v), the transformation
across e is

0(e) = 0(u)"'0(v) = O(u)0(v),

(as (7,0) is a Boolean group). For the path II; ; connecting
leaves i and j, we find

[Toeo= TI 0w 6w =066)"00) = 06)oG). ()
ecll, e=(uw)ell;

(as the products at each internal vertex cancel, and §~! = 6).
We extend this to any path set IIy (where E C [n])) and
define

0(E) =[] 6(e).

Hence, as in (9), the products at all internal vertices cancel,
so we find the following.

Observation 8.

0(E) =[] 00).

ek

(10)

Consider now a character x, inducing a site pattern
(C,D) = (C(x),D(x))- Recall (1) as the homomorphisms g,
92 : T — {1,—1}, where

91(0) = -1 += 0 € {87} and g(0) = -1 <= 0 € {a,7}.
Then, for j=1,2

9;(0(E)) = g; <H 9(%’)) = [T oit6()).

ek ek

(11)
Then, g¢;((E)) =1 exactly when the number of factors
gj(0(i)) = —1 in the product 11 is even. Now, for i € £
91(0(3)) = —1 <= 0(i) € {B,7} = i€,
so
g1(0(E)) =1 <= |CNE|=0(mod 2) < h(C,E) =1.
However, as ¢1(0(E)) = 1<=0(E) € {¢, a}, we find
0(E) € {¢,a} <= h(C,E) = 1. (12)
Similarly, we find
O(E) € {¢,f} <= ¢(0(F)) =1 < |DN E| = 0(mod 2)
< h(D,E) =1.
(13)
Hence, we have shown the following.

Observation 9. Given a character x inducing a site pattern

(€, D) = (C(x), D(x)),

and path set Ilp with 0(E) = [[,cx 0(7),

MG, E) = q(0(E)), WD, E)=gO(E)). (14)

8 HADAMARD CONJUGATION

This is the final section in the derivation in which we prove
the main theorem of this paper. We start with the right-
hand side H, Q7 H, and show that an entry in that matrix,
corresponds to a path-set distance. We decompose these
possibly overlapping distances into three disjoint edge sets
using previous identities to derive probabilities of substitu-
tions along each of these edge sets and then recombine them

to the original path sets.
Q7 is the matrix containing the edge-length parameters

across T'. St is the matrix of probabilities of patterns at the
leaves of T'. The link between these are the rotations H,,Sr H,,
and H,QrH,. These both relate to path-set properties and
enable us to state our major result.

Theorem 10.

Sy = H, '(Exp(H,QrH,))H, ", (15)

which, provided the arguments of the logarithm are positive, is
invertible and gives

Qr = H,'(ILn(H,SrH,))H,". (16)

Proof. The proof of this theorem is based on interpreting the
corresponding components, for E, F' C [n],

[HnSTHn}E_F and [H’ILQTH?Z]E’F'
Expanding the second term, we find

Z h‘(A’ E)h(Bv F)QA,B

A,BCn]

do+ Y (h(A E)qup+h(A F)ga (17)
eqce(T)

+ h(A,E)h(A, F)qa4),

[HnQTHn]E,F:

as the only nonzero entries in Qr are g4y, gy 4, qa,.a for

eq € e(T), and gy y.
Recall (Observation 5)

qp = — Z (qap +apa+qa.a), and
eqce(T)

h(A, E)h(A, F) = h(A, EAF),
hence, the RHS of (17) can be written as

> ((A(AE) = Daag+ (WA, F) = 1)gp 4

esce(T)

(18)
-+ (h(A,EAF) — l)quA).

Now, as the terms with h(A, E) =1 cancel, and by the
definition of I1gz, we can write (18) as
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[HnQTHn}E_F: -2 Z qa -2 Z Q(Z)AA_2 Z dA,A-

es€llp eq€llp ea€llpar
(19)
By Observation 7
Ilpar = HpAllp,
and by the definition of the matrix @ = Qr
410 =4, (0), @A =0 (), qaa=qe, (),
S0
> qup=dn (B, Y qpa = dn,(a),
ea€llp e €llp
Z qa.a = dyamn,(7)-
ea€llpar
Hence,
(HQrH,| g p= —2(dn, (8) + dn, (@) + dugan, (7). (20)
We can partition IIg UIlp into three parts
U=Tlp—Hp, V=Ip—TIz W=IznIp, (21

as illustrated in Fig. 3c, with the path sets partitioned as
g =UAW, Ilp=VAW, Igar=HHgAllp =UAV.
The path-set distances split into corresponding sum-

mands, as dy(0) =3, ¢.(0), etc., so that

di, (B) = du(B) + dw (),
dHEAF ('Y) = dU(’Y) + dV('Y)'

di, (@) = dy(a) + dw(a),

Thus,
(HnQrHy]p p = —2[dy(B) + dw (B) + dv () + dw(a) + du(7)
+ dy (7)]
= —2[dy(B) + du(7)] — 2[dv () + dv(7)]
= 2[dw (@) + dw(B)],
and

[Exp(H,QrH,)] g p=

e~ 2ldu(B)+dy (7)] g =2ldv (@) +dv ()] g =2[dw (@) +dw (8)] (22)

Now, by Observation 3

e 2ldu(B)+du(v)] — pu(€) + pu(e) — pu(B) — pu(y)

= Z g1(0)pu(9),

0T
= pv(e) —pv(a) +pv(B) —pv(v)
= p(O)pv(9),

0T
= pw(e) — pw(a) — pw(B) + pw(v)
= Z 91(0)g2(0)pw (0).

0T

o2ldv(@)+dy (7)

o~ 2ldw (a)+dw (8)]
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Hence, (22) becomes

(Exp(H,QrH,)]p p= [pu(€e) + pu(a) — pu(B) — pu(v)]
x [pv(e) — pv(a) +pv(B) — pv(7)]
x [pw(€) — pw(a) — pw(B) + pw(7)]

= [Zgl(e)pU(Q)} Zm(@pvw)}

0eT beT

[Z 91(1) g2 (V) pw W)]

veT
= > 91(00)g2(¢8)pu (O)py (¢)pw ()
0,0peT
(expanding the products)
= > 9(©ampu(&)pv(m)pw (),
EneT
(with &€ = ¢ and n = @)
= Z 91(&)g2(n)

EneT

> pu(&h)py (md)pw () |-

beT

(23)

Now, as E and F are partitioned as UAW, and
VAW, respectively, then 6(E)=0U)§(W) and
O(F) =6(V)8(W). Hence,

> pu(&)py ()pw () = Prlf(E) = £ A B(F) = ),

YeT

which is the joint probability that the product of
substitutions across the edges of II(E) is ¢ and the
product across the edges of II(F) is 7. Thus, (23) implies

[EXP(HMQTHH)]E,F: Z g1 (5)92(77) PI‘[@(E) =¢A Q(F) = 77]'
EmeT

(24)

By Observation 9, given a character y, inducing a site
pattern (C, D) = (C(x), D(x)), we have

9 (0(E)) = h(C,E),  g2(0(F)) = h(D, F), (25)

that is, under y

O(E) € {¢,a} <= h(C,E) =1, and
O(F) € {e,f} < h(D,F) =1.

Summing the probabilities s¢ p, where both h(C, E) =1
and h(D, F) =1, we find

Prl9(E) € {e,a},0(F) € {¢,5}] = >

C,DC[n):h(C,E)=1,h(D.F)=1

SC.D-
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Similarly, we see

Pr[0(E) € {e,a} NO(F) € {a,~}]

= Z ySC.D,
C,DCn):h(C,E)=1,h(D,F)=—1

Pr{0(E) € {B,7} ANO(F) € {e, B}]

= > s,
C,DC[n):h(C,E)=—1,h(D,F)=1

Pr{0(E) € {8,7} NO(F) € {a,7}]

- 2 scp.
C,DCn]:h(C,E)=—1,h(D,F)=-1

Substituting these into (24), we obtain by Observation 9

[Exp(H,QrH,)|pp= Y h(C,E)i(D,F)scp

C,DCn]
= [HHSTHW]E.F?
giving
Exp(H.QrH,) = HySrH,, (26)
from which (15) and (16) follow. O

9 APPLYING THE HADAMARD CONJUGATION

In this section, we provide an example application of using
the Hadamard conjugation in real biological problems. We
use the application reported in [5] of obtaining an
analytical solution for the maximum likelihood problem
of a phylogenetic reconstruction. As was shown above, a
tree T uniquely determines the sequence spectrum S = Sy.
In real life, however, we do not find such a “perfect” S.
Given a set of input aligned sequences, every column
induces a site pattern. The matrix S = [8]¢.p, denoted as
the observed sequence spectrum records the frequency of each
site pattern (C, D). For a tree T, the likelihood function is
defined as

v = 1 s

C,DC[n|

(27)

where scp comes from (15). That is, (27) expresses the
probability of seeing S given T. The maximum likelihood
problem is to find a tree such that the probability of
obtaining the given data $ is maximized.

In [5], the ML problem of a triplet tree under the Jukes-
Cantor model and the molecular clock hypothesis was
studied (see Fig. 4). The Jukes-Cantor model of evolution
[19] is the simplest model for four states DNA evolution.
The assumption in this model is that when a base changes,
it has equal probabilities to change to each of the other three
bases. This model can be derived from the more general
K3ST model by setting, for each edge of T, each of the three
edge length parameters equal to a common value, namely,
setting g.(c) = ¢.(8) = ¢e(v) = g.. We now look at a general
tree T on three taxa {0, 1, 2} before determining where the
root is. The molecular clock hypothesis and determination
of the root location are done at a later stage. T" has just one
topology, the star with the three edges ey}, e3), and ey 9

1
€1 2
€2
di12
€12
q1 g2
0
1 2 0

(a) (b)

Fig. 4. (a) A general triplet tree over the species {0, 1, 2}. (b) A
rooted triplet tree under Jukes-Cantor model and the molecular clock
hypothesis.

(see Fig. 4a). For simplicity we denote them as e;, e; and e »
respectively.

The edge-length spectrum of an arbitrary 3-tree can be
expressed as

=SBa+teta) a @ @
0

_ qQ Q 0
@ 7)) 0 ¢ O
Q12 0 0 qn2
Now, we see that
HQH =
0 @+ quo @+ q2 @+ @
4 Q1+ qi2 @+ qi2 Q+@e+q2 g+e¢@+aqe
@+ q2 ¢ +q+qo Q2+ q12 Q1+ @+ qi2
G+t gt+tetqgr gt+aq+aqo qQ+q

and by (20), these are minus twice the sum of distances
induced by every two path sets E, F' for every entry
[HQH]p, p. For example,

(H,QrHyly 9= — 2(di, (8) + diny, (@) + dimyan, (7))
= — Q(dnl (ﬁ) + de (a) + de (’Y))
= —4(q1 + ¢ + q12)-

When applying the exponential function to each element
of the matrix HQH, we obtain the so called path-set
spectrum, R:

1 T1T12 ToT12 1%
T1T12 T1T12 T1T2T12 XT1T2T12
R =exp(HQH) =
T2 T1T2T12 T2X12 T1T2T12
1Ty T1T2T12 T1T2T12 1T
(28)
where
x; = e 19, (29)

The xz; values can replace the scp values as the defining
parameters in the likelihood function (27). The entries of R
relate to the joint probabilities of differences between the
end-points of the corresponding path sets in 7', as implied
by (24).

By using our main Theorem 10, (15), the sequence
probability spectrum equals
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S=H'RH, (30)
ap a; Gz ag
1 a; ap a4 Qa4
=— , 31
16 a2 ay4 ax a4 (31)
az a4 G4 a3
where
= (1 4 3z129 + 3z1212 + 3xa212 + 62122212),
= (1 — z1m9 — 21212 + 3T2T12 — 221%2T12),
= (32)

1 + 3.T1.T2 — X1T12 — TaT19 — 2l’1$2l‘12),

ap = (
a; = (
az = (1 — z129 + 3x1212 — Taw12 — 2212912,
as = (
ag = (

1-— X1T9 — X1T19 — T2X12 + 23’311‘21‘12).

Thus, we see that each expected sequence frequency takes
one of the above values, which are the functions of the three
parameters x;, z2, and x;2. We now apply the molecular
clock constraint that asserts ¢; = g2 = x; = x2 (see Fig. 4b).
From (32), it can be seen that under this constraint, a; = as,
so the number of free variables in the likelihood equation
reduces to 4, leading to a further simplification. The rest of
the ML solution is orthogonal to the material discussed in
this paper and can be found in [5].

We remark here that the choice of these parameters was
proved crucial in the derivation of the analytical solution. In
former works [6], [7], [8], the defining parameters were the
sequence probability variables themselves, and additional
constraints were required to guarantee that they reside on a
tree surface. This approach failed in this case, and as can be
seen using the path-set variables, these constraints are
removed.
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