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Abstract —Phylogenies—the evolutionary histories of groups of organisms—play a major role in representing the interrelationships
among biological entities. Many methods for reconstructing and studying such phylogenies have been proposed, almost all of which
assume that the underlying history of a given set of species can be represented by a binary tree. Although many biological processes
can be effectively modeled and summarized in this fashion, others cannot: recombination, hybrid speciation, and horizontal gene
transfer result in networks of relationships rather than trees of relationships. In previous works, we formulated a maximum parsimony
(MP) criterion for reconstructing and evaluating phylogenetic networks, and demonstrated its quality on biological as well as synthetic
data sets. In this paper, we provide further theoretical results as well as a very fast heuristic algorithm for the MP criterion of
phylogenetic networks. In particular, we provide a novel combinatorial definition of phylogenetic networks in terms of “forbidden
cycles,” and provide detailed hardness and hardness of approximation proofs for the “small” MP problem. We demonstrate the
performance of our heuristic in terms of time and accuracy on both biological and synthetic data sets. Finally, we explain the difference
between our model and a similar one formulated by Nguyen et al., and describe the implications of this difference on the hardness and
approximation results.

Index Terms —Maximum parsimony, phylogenetic networks, horizontal gene transfer, hardness and approximation.
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1 INTRODUCTION

PHYLOGENETIC networks are a special class of directed
acyclic graphs(DAGs) that model evolutionary histories

when trees are inadequate, such as in the cases of horizontal
gene transfer (HGT) and hybrid speciation [24], [29], [26].
Fig. 1a illustrates a phylogenetic network on four species
with a single HGT event. In an evolutionary scenario
involving horizontal transfer, an organism transfers genetic
material to another organism that is not its offspring (i.e.,
genetic material is transferred from one lineage to another),

inferring the evolution of sequences subject to recombina-
tion. Recently, Nakhleh et al. formulated the parsimony
criterion for evaluating and inferring general phylogenetic
networks [31]. In particular, they formulated two problems
based on the MP criterion: the “small” parsimony problem,
PSPN, which seeks the parsimony score of a fixed
phylogenetic network leaf labeled by a set of sequences,
and the “big” parsimony problem, FTMPPN , which seeks
an augmentation of a fixed tree into a network so as to
optimize the parsimony score up to a certain threshold.

1 In
two recent articles, we demonstrated the quality of the
criterion for evaluating phylogenetic networks as well as
the appropriateness of the solutions to these two problems
for reconstructing phylogenetic networks [18], [20].

In [18], we conjectured the PSPN problem to be NP-hard.
Recently, Nguyen et al. [33] provided a hardness result for a
closely related version of the PSPN problem and claimed
that the problem cannot be approximated within a factor of
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3 HARDNESS RESULTS FOR PSPN

3.1 Hardness of PSPN

In this section, we give a detailed proof of the hardness of
PSPN, which we had sketched in [19]. Since solving the
problem for a given set of sequences entails solving it for
every site separately, we formalize the single-site decision
version of the problem as follows.

Problem 2. (PSPN1)

Input. A 3-tuple ðS; N; �1Þ, where N is a phylogenetic network
and �1 is the labeling of LðNÞ by the sequences (each
consisting of a single site) in S, and an integer P .

Question. Is parsðS; N; �1Þ � P?

We prove the hardness of the PSPN1 problem by a
reduction from the Maximum 2-Satisfiability (max-2-sat)
problem [9], which is formally defined as follows.

Problem 3. Maximum 2-Satisfiability (max-2-sat)

Input. Set U of variables, collection C of clauses over U such that
each clause c 2 C has jcj ¼ 2, and a positive integer K � j Cj.

Question. Is there a truth assignment for U that simultaneously
satisfies at least K of the clauses in C?

We start with a lemma which will be used in our main
proof. Let a “True-True” denote a clause that has no
negated literals, “True-False” denote a clause that has
exactly one negated literal, and “False-False” denote a
clause in which both literals are negated. For each of these
three types of clauses, we generate subnetworks as shown
in Figs. 3a, 3b, and 3c.3

Lemma 1. 1) An optimal parsimony score of 3 for a “True-True”
network is obtained by labeling x ¼ 1 or y ¼ 1. Otherwise
(i.e., x ¼ 0 ^ y ¼ 0) , the best parsimony score is 4. 2) An
optimal parsimony score of 3 for a “True-False” network is
obtained by labeling x ¼ 0 or y ¼ 1. Otherwise, the best
parsimony score is 4. 3) An optimal parsimony score of 3 for a
“False-False” network is obtained by labeling x ¼ 0 or y ¼ 0.
Otherwise, the best parsimony score is 4.

Proof. We provide the full details for case (2) which is the
most involved. The proofs for the other cases are similar
and hence omitted. Let T1, T2, T3, and T4 in Fig. 4 be the
four subforests of the “True-False” network in Fig. 3b. Let
a; b; . . . ; g denote the names of the internal nodes in these
trees, as illustrated in the figure. Given the leaf labeling of
the four trees, a lower bound on the MP score of each of
the trees is 3. Therefore, to establish that the network has
an optimal MP score of 3 for a certain labeling, we show
that at least one of the four trees attains that score. On the
other hand, to establish that the network has an optimal
MP score of 4 for a certain labeling, we show that all trees
have MP scores higher than 3.

Case 1: x ¼ 1 and y ¼ 1. If we set a ¼ b ¼ c ¼ d ¼ g ¼ 1
and e ¼ f ¼ 0, then T2 has exactly three mutations, and
hence, the MP score of the network in this case is 3.

Case 2: x ¼ 0 and y ¼ 1. If we set a ¼ b ¼ c ¼ d ¼ 1 and
e ¼ f ¼ g ¼ 0, then T2 has exactly three mutations, and
hence, the MP score of the network in this case is 3.

Case 3: x ¼ 0 and y ¼ 0. If we set a ¼ b ¼ c ¼ e ¼ f ¼
g ¼ 0 and d ¼ 1, then T4 has exactly three mutations, and
hence, the MP score of the network in this case is 3.

Case 4: x ¼ 1 and y ¼ 0. A case analysis shows that any
labeling to the internal nodes of the four trees results in
at least four mutations in each one of them. Hence, the
MP score of the network in this case is at least 4. tu

We are now in position to prove the main theorem.

Theorem 1. PSPN1 is NP-hard.

Proof. Given an input hU; C; Ki to the max-2-sat problem,
we generate the instance to PSPN1 as follows. We
generate a vertex for each variable in U . For each clause
in C, we generate a subnetwork and connect it to the
variables of the clause (as described in Fig. 3).

A cap (see Fig. 5a) is a subtree that includes three
leaves (labeled with 0, 0, and 1) and three internal nodes.
One of the internal nodes connects to a variable node, the
other two are named q node and j node.

We connect all the variable nodes as follows. We first
connect each variable node to a cap (different cap for
each variable node). Then, we connect all the q nodes of
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3. Note that the subnetwork for the “False-False” case is identical to the
“True-True” case but with complementary labeling.

Fig. 3. Part of the reduction from max-2-sat to PSPN1. (a) x _ y. (b) x0_ y. (c) x0_ y0.

Fig. 4. (Lemma 1) The four possible subforests of the “True-False” network in Fig. 3b.





rubisco. The first 21 and the last 14 sites of the aligned
sequences were excluded from the analysis, as recommended
by the authors. The species tree for the data set was created
based on information from the ribosomal database project
(http://rdp.life.uiuc.edu) and the work of [5].

The second data set consists of the ribosomal protein
rpl12e of a group of 14 Archaeal organisms, which was
analyzed by Matte-Tailliez et al. [27]. This data set consists
of 14 aligned amino acid sequences, each having 89 sites.
The authors constructed the species tree using Maximum
Likelihood, once on the concatenation of 57 ribosomal
proteins (7,175 sites) and another on the concatenation of
SSU and LSU rRNA (3,933 sites). The two trees are identical,
except for the resolution of the Pyrococcusthree-species
group; we used the tree based on the ribosomal proteins.

The third data set consists of the ribosomal protein gene
rps11of a group of 47 flowering plants, which was analyzed
by Bergthorsson et al. [2]. This data set consists of 47 aligned
DNA sequences, each with 456 sites. The authors analyzed
the 3’ end of the sequences separately; this part of the
sequences contains 237 sites. The species tree was recon-
structed based on various sources, including the work of
[28] and [21].

The fourth data set consists of the mitochondrial gene
cox2of a group of 25 seed and nonseed plants, which was
analyzed by Bergthorsson et al. [3]. This data set consists of
28 aligned DNA sequences, including four copies of the
Amborella gene. Each aligned sequence is 311 bases long.
Ten regions including primer sites and editing sites were
excluded from the analysis, as suggested by the authors.
The authors generated a maximum parsimony tree from
which a maximum likelihood tree was built based on
estimated parameters. The maximum likelihood tree was
further refined until a stable topology was obtained. Seed
and nonseed plants were analyzed separately. We used a
species tree for the data set based on information at NCBI
(http://www.ncbi.nih.gov) and analyzed the entire data set
with both seed and nonseed plants together.

5.3 Results and Analysis
We evaluated the performance of the algorithm in terms of
accuracy and speedup. Fig. 9 shows the results of the
26 simulated data sets for candidate networks with up to six
HGT edges. We added the sixth HGT edge in each of the
candidate networks to see the impact of the extra HGT edge

on parsimony scores (the decrease in parsimony scores
should become much slower after all five HGT edges in the
model networks are identified and added). We made sure
that the HGT edges do not violate the time constraints. The
results were collected from 1,000 sampled valid networks for
each case of the multiple gene transfers. HGTs in each
network are distributed differently. Fig. 9a shows the
accuracy of the heuristic algorithm. Overall, the heuristic
algorithm is very accurate with the statistical mean being up
to 3 percent difference in the parsimony scores computed,
compared with the exact algorithm. All parsimony scores
computed by the heuristic algorithm were within 8 percent
of the optimal scores. For the networks with less than five
HGTs, the heuristic algorithm achieves about the same
accuracy of the exact algorithm in most of the networks.
Fig. 9b shows averaged execution time in seconds for
computing parsimony score of a network using the exact
and heuristic algorithms. Speedups of the heuristic algo-
rithm over the exact algorithm are shown in Fig. 9c. The
heuristic algorithm is up to 40 times faster than the exact
algorithm, with statistical mean of speedups being over 25.
The improved execution time of the heuristic algorithm
came from the fewer number of trees or subtrees for which
parsimony scores are computed. The number of trees or
subtrees processed increases as the number of HGTs
increases. For each network with six HGTs, the exact
algorithm computes parsimony scores of up to 26 trees
contained in the network.

For the rubisco gene rbcL data set, we tested networks
with up to eight HGTs. In each case of the multiple gene
transfers, we selected 500 valid networks with HGTs being
placed differently. Fig. 10a shows the accuracy of parsi-
mony scores computed with the heuristic algorithm. As the
results show, the heuristic algorithm is almost as accurate as
the exact algorithm with statistical mean of the difference in
accuracy being almost 0. Very few outliers exist across
different numbers of HGTs. On the other hand, the heuristic
algorithm performs very efficiently. It performs up to a
factor of 35 faster than the exact algorithm, as shown in
Figs. 10b, 10c. The statistical mean of the improvement
increases as the number of HGTs increases.

Similar trends are observed with the other three biological
data sets, as shown in Figs. 11, 12, 13. Fig. 11a shows that the
parsimony scores computed by the heuristic algorithm are
less than 4 percent different in statistical mean from the exact

502 IEEE/ACM TRANSACTIONS ON COMPUTATIONAL BIOLOGY AND BIOINFORMATICS, VOL. 6, NO. 3, JULY-SEPTEMBER 2009

Fig. 9. Results for the simulated data sets. (a) Accuracy computed by ððMPlinear � MPexactÞ=MPexactÞshown as percentage. (b) Running times of the
exact and heuristic algorithms. (c) Speedup computed as the result of the execution time of the exact algorithm divided by the execution time of the
heuristic algorithm.






