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Abstract

Sequencing by hybridization (SBH) is a proposed approach to DNA sequencingBHhspectrunof the target sequence is
a list of all k-mers occurring at least once in the sequence. Sequencing is successful if the SBH-spectrum is a result of only tha
sequence and ambiguous otherwise. Unfortunately, the expected number of sequences consistent with a given spectrum increa;
exponentially with the target sequence length.

In this paper, we extend previous work of [S. Snir, E. Yeger-Lotem, B. Chor, Z. Yakhini, $B¥E—restriction enzymes
dramatically enhance SBH, Technical Report, Department of Computer Science, The Technion, Haifa, Israel, 2002] to increase
the resolving power of SBH by including information from enzymatic digestion assays. In addition to the hybridization assay, we
conduct a small number of complete digestion assays using different restriction enzymes. The computational phase of identifyine
consistent sequences then combines the hybridization and digestion information. This combination of SBH and digestion assay
significantly increases the length of sequences that can be uniquely determined. We give procedures for selecting the best enzym
for the job, prove that a variant of the reconstruction problem which includes an extra free parameter is hard, and give effective
heuristics to improve search-based reconstruction algorithms. We also give a lower bound on the number of restriction enzyme
required for unique reconstruction.
© 2006 Published by Elsevier B.V.
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1. Introduction

Sequencing by hybridization (SBH3,5,7,8,11,14]is a proposed approach to DNA sequencing where a set of
single-stranded fragments (typically all possibfesfigonucleotides of length) are attached to a substrate, forming a
sequencing chipA solution of single-stranded target DNA fragments are exposed to the chip. The resulting hybridization
experiment gives th8BH spectrurof the target, namely a list of @ltmers occurring at least once in the sequence. This
spectrum does not reveal the location of @ayer in the sequence, nor does it count the number of its occurrences. A
sequence iSBH consisterif it contains all and onlyt-mers from that spectrum. Sequencing is successful when only
a single sequence is consistent with this spectrumaimitiguousf multiple sequences are.

Unfortunately, the expected number of sequences consistent with a given spectrum increases exponentially with th
sequence length. For example, the classical €tifp), with 4% = 65, 536 8-mers suffices to reconstruct 200 nucleotide
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long sequences in 94 of 100 cagég] in error-free experiments. Far = 900, however, the expected number of
consistent sequences rises to over 35,000. In this paper, we build on previoy2®jadkincrease the resolving power
of SBH by including information from enzymatic digestion assays.

Several alternate approaches for increasing the resolving power of SBH have been proposed in recent years, |
cluding positional SBH4], arrays with universal bas¢$6], interactive protocol$9,15], and tiling sequences with
multiple arrayg418]. In contrast, the approach [@0] uses a very standard technique in molecular biology that predates
oligonucleotide arrays by 20 yeaRestriction enzymddentify a specific short recognition site in a DNA sequence,
and cleave the DNA at all locations of this recognition site. In a complete digestion experiment, the product is a list of
DNA fragment lengths, such that no fragment contains the recognition site. Measuring the length of these fragmen
yields a multiset of restriction fragment lengths calledrémtriction enzymefRE) spectrum

Snir et al.[20] propose the following procedure. In addition to the hybridization assay, they conduct a small number
of complete digestion assays using different restriction enzymes and obtain restriction enzymes spectrums of the inp
sequence. The computational phase of identifying consistent sequences then combines the hybridization and digest
information. A sequence {$BH+RE) consistenif it agrees with both the SBH and the RE spectrums. This combination
of SBH and digestion assays significantly increases the length of sequences that can be uniquely determined.

In this paper, we study the power of combining SBH with restriction enzymes. Our results include:

e Although the idea of augmenting SBH with restriction enzymes is appealing, the algorithmic question of how to
efficiently reconstruct sequences from such data remained opf]Jra backtracking algorithm was proposed
for reconstruction. In this paper, we show that a variant of the reconstruction problem, which has an extra free
parameter, is NP-complete.

e We also propose additional search heuristics which significantly reduce the computation time. Such improvement
are important, because for certain sequence lengths and enzyme set sizes the sequence is typically uniqu
determined, yet naive backtracking cannot expect to find it within an acceptable amount of time.

e To gain more insight into the power of SBH plus restriction enzymes, we study the case of one digest from a
theoretical perspective. This analysis shows when the restriction digest does and does not help uniquely determi
the sequence from its SBH-spectrum.

e Thisanalysis also suggests approaches for selecting restriction enzymes in response to the observed SBH-spectr
so as to maximize the likelihood of unambiguous reconstruction. We give a heuristic to select the most informative
restriction enzymes for a given SBH-spectrum.

e The resolving power of SBH plus restriction digests increases rapidly with the number of digests. We establist
information-theoretic bounds on how many digests are necessary to augment the SBH-spectrum. We use insigt
from this analysis to select the cutter length and frequency for each digest to provide the optimal design of ¢
sequencing experiment.

The rest of this paper is organized as follows: In Section 2 we give some background and definitions regarding SBH an
RE and in Section 3 we prove the hardness of the SBRE problem and provide some useful heuristics to accelerate
previous algorithms. Section 4 provides an insightful view on the structure of the problem through analytic inspection
of a single RE digestion while Section 5 presents our method for selecting good REs based on the insights derived
the preceding section. In Section 6 we show the information theoretic bound and conclude in Section 7.

2. Background: SBH and restriction digests

As with most SBH algorithms, our work is based on finding postman walks in a subgraph of the de Bruijn digraph
[6]. For a given alphabef and lengthk, thede Bruijn digraphGy (2) contains X|*~1 vertices, each corresponding to
a (k — 1)-length string on>. As shown inFig. 2, there will be an edge from vertexto v labeleds € X if the string
associated withr consists of the lagt — 2 characters af followed byg. In any walk along the edges of this graph, the
label of each vertex will represent the labels of the kast1 edges traversed. Accordingly, each directed edge)
of this graph represents a unique string of lerigttiefined by the label af followed by the label ofu, v) (Fig. 1).
Pevzner’s algorithrfiL3] interprets the results of a sequencing experiment as a subgraph of the de Bruijn graph, suct
that any Eulerian path corresponds to a possible sequence. As is typical (although regrettable) in SBH papers, he
we assume error-free experimental data. When the sequence length is unknown, the reconstruction is unique iff tl
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Fig. 1. The de Bruijn graph resulting from 3-mers of the sequence AGACTTAGCCTGG.

subgraph consists entirely of a directed induced path. When the sequence length is known, reconstruction is unique i
there is a unique postman walk of the appropriate length in the subgraph.

Restriction enzymes recognize and cut DNA molecules at particular patterns. For example, the Endgine
cuts at the patterGAATTC Enzymes are indigenous to specific bacteria, with the name of each enzyme denoting
the order of discovery within the host organism (€egoRI| was the first restriction enzyme discovereddnColi).
Restriction enzymes cut double-stranded DNA, and are classified as either types | or 1l depending whether they cleav
the strand at specific locations, with those that do (type IlI) significantly more important for biotechnology. Enzymes
can be further classified according to whether they leave behind blunt or sticky ends, i.e. double- or single-stranded en
fragments. Rebag&7] maintains a complete list of all known restriction enzymes, including cutter sequences, literature
references, and commercial availability. As of July 12, 2004, 9384 different enzymes were known, defining at least
255 distinct cutter sequences. Cutter sequence lengths range in length from 2 to 15 bases. Although most enzymes c
at specific oligonucleotide base patterns, other enzymes recognize multiple sequences by allowing variants at specif
base positions. For example, the cutter AACNNNNNNGTGC matches from’ttee® end any sequence starting
AAC, ending GTGC where they are separated any sequence of exactly six bases. The output of a restriction assay
the RE spectrum which is the multiset of RE fragment lengths induced by the restriction enzyme.

In this paper, we will limit our attention to cutter sequences without wildcard bases. We assume that the DNA
sequence is cleaved at the start (i.e. position 0) of the restriction site. [28]inwe assume that all possible cutter
sequences of a given length have associated enzymes. While this assumption is not true (only 17 distinct 4-cutters ar
85 distinct 6-cutters currently appear in Rebase), we do not believe this materially changes our results.

3. Complexity of reconstruction and search heuristics

The algorithmic problem of reconstructing SBH data augmented with restriction digests is not as simple as that of
pure SBH, however. Snir et al. proposed a backtracking algorithm to enumerate all possible sequences consistent wi
the data. This algorithm backtracks whenever a prefix sequence violated some property of the data, such as lengt
oligonucleotide content, or position of restriction sites, and is described in def@0jnWe define thesequence
reconstruction from SBH plus restriction digept®blem as:

Input An SBH spectrunt for the array of allk-mers, a set o# partitions of integer:, each corresponding to the
results of a restriction digest with a particular cutter sequence.

Output Does there exist a sequenEenhich is consistent with both the SBH spectrisnand the set of restriction
digest results?

Snir et al.[20] provided no complexity analysis for their algorithm and since the number of postman walks in the de
Bruijn graph can be exponential in the length of the sequence, this is not an efficient algorithm. Therefore, the questior
of whether there exists a provably efficient reconstruction algorithm for the SBHE problem remained open. We
show that a generalization of this problem (relaxing the constraint of a DNA-size alphabet) is NP-complete.

Theorem 1. Sequence reconstruction from SBH plus restriction digests with an unlimited alphatetdismplete
even with just one restriction digest
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G=(V,E)

Fig. 2. Reducing Hamiltonian Cycle i to SBH+ RE inG'.

Proof. We show a reduction from Hamiltonian cycle in directed Eulerian grépdis by constructing a set of strings
returned from an SBH-spectrum, and an associated set of restriction digest lengths such that reconstructing a consist
sequence involves solving the Hamiltonian cycle problem.

Our reduction from input grapty = (V, E) is illustrated inFig. 2 We use a large alphab&t and spectrum length
k = 2. There will be a distinct letter itv for each vertex inV, with each directed edge, y) € E represented by
the stringxy. We then double all the edges 6f turning it into a multigraph. Note that this has no impact on whether
G contains a Hamiltonian cycle. We then augment this graph with the following structures to construct a new grapt
G' =V, E:

e Starting and ending disjoint paths from two new verticemnd:, of length?; and¢;, respectively, joining the
original graph at an arbitrary vertex Since these paths are disjoint, all vertices in them are new unique vertices.
These define the beginning and end of the sequence.

e We add a sequenc&, composed of new unique vertices and connected from and to all of the original vertices
v € V, forming a loop. (For clarity of representation, the loop&ig. 2 appear disjoint, however, they all pass
through the same vertices of A, but in different, parallel edges.) For every there arel(v) — 1 such loops
incident onv, whered (v) is the out-degree af in the doubled graph. Vertexis given an additional such loop.

In addition, we provide the results of the restriction assay witas the cutter, yielding the multiset of distances
s+ |V|I+1,;+]A]+2,and 2E| — |V| — 1 fragments of lengthA| + 2. To simplify matters, we demand that these
lengths be distinct (e.gV |+ 1, 4V|+1and 5V| + 1).

In other words, on an input graggh as an instance to the Hamiltonian Cycle problem, the reduction outputs a SBH
spectrum corresponding to the de Bruijn graphand a RE spectrum with lengths as abovel

Claim 1. A sequence is consistent with the de Bruijn graphand the restriction assay if and only if it describes a
Hamiltonian cycle inG.

Proof. — Let C be a Hamiltonian cycle iG. We construct the following Eulerian tour &’ that will induce the
required restriction assay: take the path> 1 and then the cycl€ and theA loop from and ta:. This gives the RE
fragment’; + | V| + 1. SinceG is Eulerian, the graph of uncovered edges after covering the edgeis still Eulerian
and also connected, and therefore we can cover all uncovered ed@éswith the tour to the special sequenge
interleaved. Hence, we get all the lengti{(+ 2) RE fragments. We conclude with taking the path> 7 to obtain
thet; + |A| + 2 fragment.

<= We now prove that an SBH+RE consistent sequence defines a Hamiltonian cgcl&emember that our set
of RE fragments i€; + |V| + 1, ¢, + |A| + 2, and 2E| — |V | — 1 fragments of lengthA| + 2. By our definition,
the walk must start at vertex end at vertex and the sequence is cut at every entrance to the A-loop. Seeking for
contradiction, suppose the input graph does not include a Hamiltonian cycle. Then in order to satisfy a RE fragment c
length¢; + | V| + 1 some vertexnustbe visited at least twice. We distinguish between the original graph edges and
A-loop edges. In the sequel, an edge that was already traversed is removed from the graph.
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Fig. 3. In a doubly visited vertex, the in+out degree of original (solid) edges is smaller than the in+out A-loop (dashed) edges.

So after collecting thé¢, + |V| + Dth RE fragment, the next RE fragments that have to be satisfied are the
2|E| —|V|—1fragments of lengthA| + 2. It is true that taking the A-loop detour does not force returning to the same
vertex, however, focusing on a doubly visited vertex (Bjgeveals the following observations:

Observation 1. If a vertexv was visited more than once in the first part of the walk, there is an imbalance between its
graph in+out degree and its A-loop in+out degree.

Denote a vertex whose graph in+out degree is greater than its A-loop in+out degigdadancedvertex and
otherwisebalanced Now, since eventually, every vertex needs to be balanced (i.e. degree 0 in both edge types), we
need to fix this imbalance.

Observation 2. The only way to restore the balance between the graph in+out degree and the A-loop in+out degree is
to take two or more successive A-loops at the imbalanced vertex

Corollary 1. In order to cover all edges incident at an imbalanced vertiegre must be #A + 1|-long RE fragment

However, since our RE spectrum does not contain a RE fragment of leagthi|, the string defined by this tour is
not RE consistent—contradiction to the assumptionl.

3.1. Heuristics for accelerating the search algorithm

Beyond this negative result, we improved the search algorithfA@jfwith two new pruning criteria which yield
better performance. Before showing these improvements, we briefly describe the algorfi#tj Assuming a short
prefix and suffix of the target sequence (say), &e known, the algorithm searches all postman walks from the prefix
in the de Bruijn graph. Along a postman waltk all k-mers and RE fragments encountered so far are recorded. The
algorithm abandong (i.e. backtracks) when

o the total length of the uncovered paths plus the length of the current walk exceeds the sequence length (wit
calibration of the overlaps).
e The multiset of RE fragments encountered aléghgannot be completed to the target RE spectrum.

If P has reached the required length, and the suffix of the sequence defiiad the required one, then the sequence
defined byP is a SBH+ RE consistent sequence.
We now describe the proposed improvements:

e Improved sequence length cutoffhe results of restriction digests implicitly tell of the length of the target
sequence. Thus, we are interested in finding all SBH-consistent sequences of a given length. Such sequenc
correspond to a given postman walk on the appropriate de Bruijn subgraph.
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The state of the backtracking computation is represented by the prefix of the putative sequence under constructic
Snir et al. observed that we can backtrack whenever the length of this prefix plus the length of all thus-far unvisitec
(uncovered) edges of the graph exceeds that of the target. However, this is an underestimate of the missing leng
Let v be a vertex inG g with uj uncovered in-edges ang uncovered out-edges, at some configuratiam a

path p to consistent sequence. Themust also traverse at ledst — u,| times covered edges.

This gives rise to the following pruning technique: A vertexvith «; uncovered in-edges and, uncovered
out-edges isn-imbalancedf u;j > uy andout-imbalancedf u; < up. Letv be an in-imbalanced vertex and &gt

bev’s out-going edge (covered or uncovered) with minimal lerigtirhen we can bound the missing length by at
least(uj — uo) (I, — k + 1) and potentially backtrack earlier. This claim is true for all vertice€ @f however we

must take precaution not to double-count the same edge by two adjacent vertices. To prevent this, we separate
extra length implied by in-imbalanced vertices from that implied by out-imbalanced vertices, and add the bigger
of these gquantities to be the missing length.

e Strong connectivity cutoff§ he strongly connected components of a digraph are the maximal subgraphs such that
every pair of vertices in a component are mutually reachable. Partitioning any digraph into strongly connectec
components leaves a directed acyclic graph of components such thatitis impossible to return to a parent compone
by a directed path.

This gives rise to the following pruning principle. L&, = (V, E;) be the residual graph of uncovered edges.
Let C1 andC2 be two different strongly-connected componentssin and edgeu — v) € E; link the two
components, i.ex € C1 andv € C2. Then we can backtrack on any prefix which traverses €dge) before
covering all edges i€'1.

Each of these two techniques reduced search time by roughly 70% on typical instances. When operated in conjunctio
the search time was typically reduced by about 80%. All the algorithms were implemented in Java, and run on Pentiur
3 PCs.

4. Understanding single digests

Restriction digest data usually reduces the ambiguity resulting from a given SBH-spectrum, but not always. We ca
better understand the potential power of restriction digests by looking at the topology of the given de Bruijn subgraph
We define the notion of a partially colored graph to integrate the information from an SBH-digest with a given
collection of RE-digests. A grapfi(V, E) is partially coloredif a subset of vertice¥’ C V are assigned colors, and
the vertices/ — V'’ remain uncolored. Lef = (V, E) be the subgraph of the de Bruijn graph of oréer 1 defined by
a given SBH-spectrurfi, andR be a set of stringg1, .. ., r.}. We say thaG is partially colored with respect t& iff
the coloring of a given € V implies that there exists a strimge R where ther|-prefix of thek — 1-mer associated
with v equals . That s, a colored vertex represents a restriction site. We assumethat 1, as will naturally be the
case in reasonable problem instances.
For certain partially colored graphs, the restriction digest data is sufficient to unambiguously reconstruct sequence
not completely defined by the SBH-spectrum aldtig. 4depicts such a graph. Denote a colored vertex (restriction site)
by a filled circle. Without a restriction digest, the postman watledewill be SBH-consistent wittadbce However,
since the restriction digests of the two sequenceg|atg, |cdg} and{|adh, |ce|}, respectively, such a digest will be
sufficient to disambiguate them providg@| # |ab|.

Fig. 4. A partially colored de Bruijn graph which might be disambiguated on the basis of restriction digest data.
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Fig. 5. Three hopeless digraphs. For every postman walk, ithere exists another postman walk with the same length and same set of distances
between colored vertices.

Not all partially colored graph& have this property. We say thétis hopelesaith respect to its partial coloring
if every postman walk? on G has another postman walX on G such thai P| = | P/| and the multisets of distances
between successive colored vertices alénand P’ will be the same.

Fig. 5 depicts three cases of hopeless graphs. The grapiiginy(l) is topologically the same as iRig. 4, but
now the colored vertex is the junction of two loops. The order of traversal of the two loops cannot be distin-
guished by the RE-spectrum. The graphFig. 511) is hopeless because the cutiatannot eliminate the ambi-
guity from elsewhere in the graph. Finally, the graptFig. XI11) is hopeless since every postman walk must tra-
verse pathg andb in some order. Reversing this order (by a tandem repeat) causes no change to either the SBH
or RE-spectrums.

We now consider the problem of characterizing sequences which are uniquely defined by SBH plus restriction
digests. Conditions under which a sequence is uniquely defined by its SBH-spectrum were established by Pevzner ar
Ukkonen and formalized if2]:

Theorem 2. A word W has another wor?’” with the same SBH-spectrum iff the sequence of overlagping-mers
comprising W denote® has one of the forms

e oafayad.
e cafbyadbe.

wherea, b € Z*Yanda, 8,7, 0, ¢ € (ZFH*.

As demonstrated by the figures above, a single restriction diyeah resolve ambiguities in the SBH-spectrm
We make this intuition formal below. We say thatka— 1)-mer iscoloredif it defines a colored vertex in the partially
colored de Bruijn graph aof plusR.

Theorem 3. A word W withk-mer representatimW which is uniquely defined by its SBH-spectrum and a single
restriction digest satisfies all of the following properties

Q) W does not contain a colorel— 1-mer a such tha = oafayad,i.e. a does not occuB times in W(case | in
Fig. 5).

(2) W does not contain two colored— 1-mers a and b such thav = aafbyaobe (case Il inFig. 5).

3 W does not contain a substrin@)/ consisting entirely of uncolored — 1-mers where W' = oafayad or
W’ = aafbyadbe (case |l inFig. 5).

Proof. We analyze each case separately. For a Wotdnd a restriction enzyme we denote by(W’) the set of RE
fragments obtained by applyimgon W’. For case 1, leWy, W2, W3, W4 such thalWl =q Wz =a,f; Wg =a, yand
W4=a, 0. Sinceais colored thep (W) =p(W1) U p(W2) U p(W3) U p(Wy). Now letW* such thaW*)‘ =oaayafad. Then
by Theorem 2¥ andW* are SBH-consistent, andW*) = p(W1) U p(W3) U p(W3) U p(W4) = p(W)—contradiction
to the fact tha® is uniquely defined.

For case 2, leWq, Wo, W3, W4, W5 such thainzoc; sza, B Wg:a, 7, W4:a, 0 ande):a, ¢. Sinceais colored
thenp(W) = p(W1) U p(W2) U p(W3) U p(W4 U p(Ws). Now let W* such thatW“)* = aadbyafbe. Then by Theorem 2
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W andW* are SBH-consistent, angdW*) = p(W1) U p(W3) U p(W3) U p(Wy) U p(Ws) = p(W)—contradiction to
the fact thatw is uniquely defined.
Case 3 follows by arguments analogous to those of the previous two cdses.

Theorem 4. Leti, ..., iy represent the position of all interesting positions in a wordW¥here a position is interesting

if; (1) it corresponds to a colored vertef) it corresponds to a vertex which appears three or more tjrae$3) it
corresponds to a vertex of a tandem repeat imfien W is uniquely defined by its SBH-spectrum and a single restriction
digest if it satisfies all of the above conditions and no two subse@j@i ij —ij—1 sum to the same valuehere

ip = 0andiy+1 = n (the sequence length

Proof. Let f; be the fragment defined between two consecutive interesting poiatwi; 1. It is clear that every
SBH-consistent sequence is a permutation of the fragments between points of type (2) or (3), and such a permutati
cannot yield a new fragment. Now, by condition (3) of Theorem 3, every triple or tandem repeat contains at least on
restriction site. Thus, every shuffling of fragments yields a new set of fragments between restriction sites, and by th
assumption, this new set has total length not existing in the original sequenkce.

5. Selecting enzymes to maximize resolution

Observe that there is nothing in the SBHRE protocol of[20] which requires that the experiments be done in
parallel. This means that we could wait for the SBH-spectrum of the target sequence and use this information to sele
the restriction enzymes which can be expected to most effectively disambiguate the spectrum.

Based on the observations of Theorem 3, we note that digests which color high-degree vertices inherently lea\
ambiguities. Further, digests which do not include a restriction site breaking regions between tandem repeats
sequence triples cannot resolve the alternate sequences described in Theorem 2.

These observations suggest the following heuristic to select good enzymes. Randomly sample a number of appropri
length sequences consistent with the observed SBH-spectrum (note that these are only SBH consistent- iR SBH
consistent). Simulate a restriction digest with each possible cutter sequence on each sampled sequence. For each, ¢
the number of forbidden structures which lead to ambiguous reconstructions of the sampled sequences. Select t
enzymes leading to the smallest number of such structures.

The forbidden structures (efolationg we seek to avoid in sequencéor enzyme cutter sequeneare:

e Tandem repeata Sbyadbe, wheree is the prefix ofa andb, or e does not cut:fbyadb.
e Triple repeatiafayad, wheree is the prefix ofa or e does not cut:ffaya.

We define a violation with respect to sequencand cutter-sequencefor every one of these forbidden structures.

We sort the enzymes first according to the total number of violations, breaking ties based on the maximum number c
violations. We select the firétenzymes in this sorted list for use in the search algorithm. The distribution of violations
per enzyme for sample sequences of lemgth 1000 and: = 1500 are shown ifig. 6.

Generating random SBH-consistent sequences of the given length is a non-trivial problem. [helgaayves the
problem of generating an SBH-consistent sequence of a given length is NP-complete, although hardness requires ve
long sequences (i.e. the problem is not strongly NP-complete). The complexity issue can be readily worked aroun
by heuristics. We employ a search-based algorithm to find a suitable sequence. Once we have a starting sequence,
can interchange fragments at triple subsequences and tandem repeats to generate other sequences by the argume
Theorem 2.

6. Selecting cutter length and frequency

In this section, we analyze the impact of cutter length and number of digests on the performance -6fREBH
to suggest the best design for such an experiment. To do so, we use tools from the theory of integer paftitions
We observe that each complete digest (including multiplicities) returns a partition of the sequence:ledigtte,
on average, an-cutter cuts every4bases, the expected number of parts resulting from such a digestiswe
seek to get the maximum amount of information from each restriction digest. As illustrakégl. i the number of
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Enzymes Ranked by Violations, k = 8, cutter length = 4
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Enzymes by Rank

Fig. 6. Number of violations per enzyme in typical random sequences-0£000 and: = 1500.

Number of Integer Partitions by Parts
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50000 | s
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30000 f %

Number of Partitions

20000
10000
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Number of Parts

Fig. 7. Number of partitions by Parts far= 50 andn = 60.

partitions ofn with p parts peaks around = 2./, so the ideal cutter-lengthwill yield this many parts. This occurs
atr = (log, n)/4 — 1, a function growing slowly enough that it remains less than2.4 for n < 10, 000.

We can use similar arguments to obtain a lower bound on the number of digests needed as a function of the lengt
of the sequence:

Observation 3. Let S be a random sequence over a four letter alphabet. The expected number of restriction digests
needed to disambiguate themer SBH-spectrum af is at leastD, where

D =n35/(24(g ¢)(\/2/3)(4<1)2).

Our argument is as follows. Consider the SBH spectrum associated wimedts of a sequencg of lengthn. The
probability P (k, n) that any giverk-mer occurs more than once $hmay be calculated as

n n 1k 2 1
Plomy~y " > (Z) ~ <§> (n)452.

i=1 j=i+1
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Lower Bounds on Expected Digests Needed for Disambiguation
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Fig. 8. Lower bounds on expected number of digests required as a function of sequekaaamiength.

Thus, the expected number of vertices of out-dege€ein the resulting de Bruijn subgraph is
v 4 Pk —1,n) ~n?/2- 4,

Given that we have vertices of out-degree greater than 2, we can compute a bound on number of postman path:
satisfying the spectrum. Whenever a tandem repeat., b, ...,qa,...,b occurs inS, the two subpaths can be
shuffled, creating sequence ambiguity. Thus the number of paths is at'leabke®er is the number of tandem repeats.

The probability that two out-degree 2 vertices create a tandem repeat between %;esin(m there are six possible

orderings of the four sites, two of which are tandem. Thusgh degree vertices gives rise to an expecteﬁ“z/6
paths.

The output of each restriction digest is an integer partitiom déscribing the number and length of the fragments.
The number of integer partitions afis asymptotically:

a(n) ~ (1/4n)(1/v/3)e™21/3

asn — oo, by Hardy and Ramanujafi]. Thus the information content of a restriction digest i&l@)) ~
(Ig e)(v/2n/3) bits.

We need at least enough bits from the digests to distinguish between2He® paths, i.e. the binary logarithm of
this number. Since ~ n?/(2 - 4~1), we need approximately*/(24 - 42*—D) bits. Therefore the number of digests

D is D>n35/(24(lg ¢)(v/273)(4-1)2).

Despite the coarseness of this bound (e.g. ignoring all sequence ambiguities except tandem repeats, and assur
each partition returns a random integer partition instead of one biased by expected number of parts) it does a nice j
matching our experimental data. Note that the bound holds for smart enzyme selection as well as random selectio
Fig. 8 presents this lower bound forGk < 9 over a wide range of sequence lengths. In all cases, the expected number
of enzymes begins to rise quickly around the lengths where sequence ambiguity starts to grow.

7. Concluding remarks and future research directions
We studied the new technique [@0] that is based on combining data from two biological sources. We showed that

by intelligent selection of restriction enzymes, the probability of obtaining a unique-SB# consistent sequence
increases.
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Certain research directions suggest themselves for further investigation. In this work we dealt solely with error free
model. It would be interesting to extend the results shown here to a more realistic model which takes into account nois)
data. In this respect, there are two types of noises: noisy hybridization data and noisy restriction data. Handling bott
types of errors appears to be challenging.
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