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the graph. A tree is a connected graph with no cycles. A node
in a tree is called a leafif it is connected to a single other node
only. Otherwise, it is internal. A cut C ¼ ðS; �SÞin a graph is a
partition over the nodes V (i.e.,S [ �S ¼ V and S \ �S ¼ ; ). An
edge ðu; vÞis in the cut if u 2 S ^ v 2 �S. We denote this set of
edges by EC. The weight of a cut C, wðCÞ is the sum of
weights of the edges in C :

P
e2EC

wðeÞ. A maximum cut
Cm ¼ ðSm; �SmÞis a cut with maximum weight in G. The task
of finding Cm is called the MaxCut problem.

2.1.2 Phylogenetic Trees
For a tree T ¼ ðV ; EÞ, we denote by LðTÞthe set of leaves of
T. A phylogenetic tree T over a set of taxa X is a tree for
which there is a bijection between X and LðTÞ. The removal
of an edge e in a tree splits the tree into two subtrees, and
therefore induces a split among the leaves of the tree. We
identify an edge e by the split ðU;X n UÞit generates and
denote it by eU (when U is arbitrarily one of the parts). Let T
be a tree andA � Lð TÞa subset of the leaves ofT. We denote
by TjA , the tree induced by A where all internal vertices with
degree two contracted. For two trees T and T0, we say that T
satisfiesT0, and T0 is satisfiedby T, if LðT0Þ � Lð TÞ and
TjLðT0Þ ¼ T0. Otherwise, T0 is violatedby T. For a set of trees
T ¼ fT1; . . . ; Tkg with possibly overlapping leaves, we say
that T is consistentif there exists a tree T� over the set of
leaves

S
i LðTi Þthat satisfies every tree Ti 2 T (see Fig. 2).

Otherwise, T is inconsistent. When T is inconsistent, it is
desirable to find a tree T� over

S
i LðTi Þthat minimizes some

objective function. T� is denoted a supertreeand the problem
of finding T� is the supertree problem.

A quartet tree (or just a quartet for short), is a tree over
four leaves f a; b; c; dg. We write a quartet over f a; b; c; dg as

ðða; bÞ; ðc; dÞÞif there exists an edge eU such that a; b2 U and
c; d 62 U. When the input T to the supertree problem is a set
of quartets (henceforth denoted Q), this special case is
denoted the maximum quartet consistencyproblem.

2.2 The MaxCut Intuition
A divide and conquer algorithm operates on the set of taxa
X by first partitioning the set into a partition P of two or
more parts. Then, it solves recursively the subproblems
induced by each part, and merges the subsolutions obtained
into a complete solution. In our case, the partition P is
always of two parts denoted P ¼ ðX0; �X 0Þ.

Let Q be a set of quartets. A quartet q ¼ ðða; bÞ; ðc; dÞÞ 2 Q
is said to be unaffectedby a partition P, if all f a; b; c; dg are in
one part of P. Otherwise, that is, not all f a; b; c; dg are in one
part of P, it is affectedby P. For an affected q ¼ ðða; bÞ; ðc; dÞÞ
we say that q is satisfied byP if exactly a and bare in X 0and is
violated byP if exactly aand care in X 0or exactly aand dare in
X 0. Otherwise, we have jf a; b; c; dg \ X 0j ¼ 3and we say that q
is deferred. At every step in the recursion, some quartets are
satisfied, some are violated and some continue to the next
steps in the recursion (i.e., either deferred or unaffected). A
plausible strategy is to maximize the ratio between satisfied
and violated quartets at every step.

Given the set of quartets Q over the taxa setX , we build the
following weighted (multi) graph G ¼ GðQÞ ¼ ðV ; EÞwith
V ¼ X and E as follows: For every q ¼ ðða; bÞ; ðc; dÞÞ 2 Qwe
add the edgesfða; cÞ; ða; dÞ; ðb; cÞ; ðb; dÞ; ða; bÞ; ðc; dÞgto E. We
distinguish between the edges and denote the edges
fða; cÞ; ða; dÞ; ðb; cÞ; ðb; dÞgas good edgesand fða; bÞ; ðc; dÞgas
bad edges(see Fig. 3). Observe that between two nodes inGðQÞ
there can be good and bad edges simultaneously, originated
from different quartets. For example, in Fig. 4 there are one
good edge and one bad edge between nodes 1 and 3
originated from quartets ðð1; 2Þ; ð3; 4ÞÞand ðð1; 3Þ; ð4; 5ÞÞ,
respectively. We denote by Eg and Eb, the set of good and
bad edges, respectively, and observe thatE n Eg ¼ Eb.

We note that a cut in G corresponds to a partition over
the set of taxa. Given a cut C ¼ ðS; �SÞ in the graph
corresponding to a partition P, we notice:

Observation 1. For an affected quartetq 2 Q

1. q contributes four good edges to the cut ifq is satisfied.
2. q contributes two good edges and one bad edge to the

cut if q is deferred.
3. q contributes two good edges and two bad edges to the

cut if q is violated.

Fig. 4 shows graphically the effect of a cut in a graph on the
two quartets generating that graph. The above observation
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Fig. 2. (a) A phylogenetic tree over five taxa. (b) Two trees over four taxa
induced by the tree on the left.

Fig. 3. For a quartet tree ðða; bÞ; ðc; dÞÞwe draw (a) the four good edges (solid blue) fða; cÞ; ða; dÞ; ðb; cÞ; ðb; dÞgand (b) the two bad edges (dashed red)
fða; bÞ; ðc; dÞg.



links between the number of quartets satisfied/violated/
deferred and the number of good/bad edges in the cut.

2.3 The Heuristic SDP-Like MaxCut
In this section, we detail on our heuristic for finding a good
cut in the graph representing the set of input quartet trees.
The final stage of this heuristic entails solving a MaxCut
problem. For this restricted task, we used the SDP-like
MaxCut heuristic (the lower level heuristic) we devised in
[29] for a related but rather different problem of rooted
trees consistency.

Our algorithm is based on maximizing the ratio between
satisfied and violated quartets. By the discussion in the
previous section, one approach can aim at finding a cut
which maximizes the ratio between good and bad edges, at
every instance of the recursive algorithm. A weaker variant
aims at finding a cut C maximizing the function

X

e is a good edge

� C;e

 !

� �
X

e is a bad edge

� C;e

 !

; ð1Þ

where � > 0 is a weight ratio parameterbetween the good
edges to bad edges inC and

� C;e ¼
1; if e 2 C;
0; otherwise:

�

Solving (1) is equivalent to finding a maximum cut
(solving MaxCut) in a graph in which good edges have
unitary weight and bad edges, weight � � . Unfortunately, in

general, finding such a cut is NP-complete [17] as well as the
original problem (satisfying maximum quartets). Several
SDP-based approximation algorithms, however, have been
suggested for related problems [18], [2]. These algorithms
give a guarantee on the deviation of their solution from the
optimal solution and work in polynomial time. The
principle is to embed the vertices on the unit n-dimensional
sphere (recall, n ¼ #taxa ) so as to maximize the function:

X

good edgese¼ði;j Þ

dði; j Þ

0

@

1

A � �
X

bad edgese¼ði;j Þ

dði; j Þ

0

@

1

A ; ð2Þ

where dði; j Þis the euclidean distance between points i and
j . Once the embedding is obtained, a hyperplane through
the origin is selected randomly with the intuition that points
embedded far apart from each other are likely to be in
different sides of the hyperplane versus close by points. For
example, Fig. 5b corresponds to a possible embedding of
the graph in Fig. 5a. We see that points connected with good
edges are located far apart on the sphere versus points
connected by bad edges.

While the embedding stage can be handled by an
accurate, computationally intensive SDP algorithm that
guarantees the required separation for expected approx-
imation ratio [18], [2], in [29], in the context of optimizing
rooted trees consistency, we found that a random embed-
ding of the points on a three-dimensional sphere (versus
n-dimensional) and subsequently moving the points locally
in order to optimize (2) suffices: it is extremely fast and

SNIR AND RAO: QUARTETS MAXCUT: A DIVIDE AND CONQUER QUARTETS ALGORITHM 707

Fig. 5. (a) The graph corresponds to the set of quartets ðð1; 2Þ; ð3; 4ÞÞand ðð1; 3Þ; ð4; 5ÞÞ(see Fig. 4). (b) The embedding is a possible embedding
according to (2). Note that points 1 and 2 are positioned nearby as well as points 4 and 5 as they are separated by bad edges only. As can be seen,
the hyperplane separates f 1; 2; 3g from f 4; 5g which is indeed a split in the tree induced by these two quartet trees (see Fig. 2).

Fig. 4. (a) The graph induced by the quartets ðð1; 2Þ; ð3; 4ÞÞand ðð1; 3Þ; ð4; 5ÞÞfrom Fig. 2. (b) A cut separating f 1; 2; 5g from f 3; 4g, therefore, satisfies
quartet ðð1; 2Þ; ð3; 4ÞÞbut violates ðð1; 3Þ; ð4; 5ÞÞ, and hence contains six good and two bad edges.



The standard practice in the field to measure the
topological accuracy is to report Robinson-Foulds sym-
metric difference distance; however, the use of RF distances
has been rightly criticized [25] as too crude, and so we
elected to report False Negative (FN) rates (also called
Missing Edge rates) and False Positive (FP) rates. We note
that the RF error rate is the average of these two error rates.
We will comment on this in a more general comparison
between the two methods. We also computed the MAST
error rate, which is the percentage of the taxa that must be
removed from both trees, in order to make the two trees
identical. This error rate has been used in some studies
evaluating phylogenetic accuracy (see, for example, [16]).

. FP rate: The splits (edges) in the estimated tree T
which do not appear in the model tree T0 are “false
positives.” This value is normalized by the number
of internal edges in the estimated tree, to produce a
value between 0 and 100 percent.

. FN rate: The splits in the model tree T0 which do not
appear in the estimated tree T are “false negatives.”
This value is normalized by the number of internal
edges in the model tree to produce a value between 0
and 100 percent.

. MAST distance: Let T be a tree over a taxa setS and
A � S. We denote by TjA the tree induced by the
subset A of leaves, so that all degree-two nodes are
suppressed. The MAST score between two treesT1

and T2 is the size of the largest subset S, such that
T1jS ¼ T2jS. To produce the MAST distance between
T1 and T2, we first normalize the MAST score by the
number of leaves common to T1 and T2, and then
subtract the result from 100 percent. Note that if the
MAST distance between two trees is 0, then the two
trees are identical.

We conducted two types of simulations differing by the
way the species of any quartet were chosen.

1. Uniform. The species are chosen according to a
uniform distribution from the species set.

2. Geometrical. Quartets over species with diameter d
(the maximum number of edges on the model tree
between any of the 4

2

� �
pairs of species) were chosen

with probability proportional to 1
d . This approach

favors quartets of closely related species (low
diameter) over ones which are of distant species.

3.1.1 Uniform Distribution Results
The results of our experiments with uniform quartet
selection are depicted in Table 1.

The numbers confirm the anticipated result that the
bigger the number of correct quartets the higher the trees’
similarity, and this holds for every size of tree. The same
holds also when the percentage of correct quartets is fixed
and the number of quartets grows.

We see that the similarity between the trees is very
sensitive to either the number of quartets or the absence of
noise (percent correct quartets) and a significant similarity
is obtained only when both parameters are relatively high.
Another interesting characteristic property that emerges is
that the bigger the tree (n) the relative amount of quartets
required to maintain the same topological accuracy in-
creases. This means that when #quartets isjQj ¼ n1:7, for
example, the bigger the n the lower the topological
accuracy. This is apparent for every number of quartets
(jQj ¼ n1:5; n1:7; n2).

As to the comparison between MRP and our method
(QMC), QMC strictly outperforms MRP in the MAST
distance and the FP rate. However, even if for some
parameters MRP is better in the FN rate, for all parameter
ranges, QMC is better in the average of FP and FN, the RF
rate. A conspicuous property is that the advantage of QMC
over MRP is at its peak when the signal in the data
increases, i.e., when the results with both methods are
better. Therefore, for all ns, the difference in performance
(RF score) was highest at 90 percent correct quartets and
jQj ¼ n2. This may indicate a better scalability of our
method to higher accuracy. We don’t know whether this is a
result of greater capability to handle larger data or other
factors. Most notable, of course, is the advantage in the
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TABLE 1
Results from Experiments of Uniform Distribution of Quartet Selection

The left two columns represent the input type (from left): size of model tree (#taxa), and the number of input quartets (jQj ¼ n1:5; n1:7; n2). For each of
the three criteria, results for both error rates (70 and 90 percent) are presented side by side. For every criteria we show the MRP results versus
QMC. The result columns (right three meta columns) are: size (#species) of the biggest tree satisfied by both model and inferred trees (MAST), false
positive/false negative, and running times.


